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A nongraphic matroid M is said to be almost-graphic if, for all elements e,
either M\e or M/e is graphic. We determine completely the class of almost-graphic
matroids, thereby answering a question posed by Oxley in his book “Matroid The-
ory.” A nonregular matroid is said to be almost-regular if, for all elements e, either
M\e or M/e is regular. An element e for which both M\e and M/e are regular
is called a regular element. We also determine the almost-regular matroids with at
least one regular element.  2002 Elsevier Science (USA)
1. INTRODUCTION
In this paper we solve the following problem proposed by Oxley [8, Sect.
14.8.7]: Find all binary matroids M such that for all elements e, either M\e
or M/e is graphic. Such matroids are called almost-graphic matroids. The
problem of characterizing the almost-graphic matroids is a speciﬁc instance
of the following general problem: For a class  that is closed under minors
and isomorphisms characterize those matroids which are not in , but for
every element e, either M\e or M/e is in . Matroids of this type are
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referred to as almost- matroids. For example, Oxley [6] characterized the
class of almost-binary matroids. Let Ur n denote the uniform matroid with
rank r and n elements.
Theorem 1.1. M is a three-connected nonbinary matroid such that, for
every element e of M , either M\e or M/e is binary if and only if M is iso-
morphic to U2 n or Un−2 n for some n ≥ 4 or both the rank and corank of M
exceed 2 and M can be obtained from a three-connected binary matroid by
relaxing a circuit hyperplane.
Other results of this type include Gubser’s [1] characterization of almost-
planar matroids, which we will discuss at the end of this section, and
Mills’ [4] characterization of matroids that are almost series-parallel net-
works. In Section 2 we describe the almost-graphic matroids and state the
almost-graphic theorem. In Section 3 we give a method for obtaining new
almost- matroids from existing almost- matroids, provided the class 
is also closed under direct sums, two-sums, and generalized parallel con-
nection. In Section 4 we characterize the binary single-element extensions
of wheels. In Sections 5 and 6 we characterize subclasses of almost-regular
matroids. In Section 7 we characterize the almost-regular matroids with at
least one regular element. In Section 8 we put together all the pieces to
characterize the binary almost-graphic matroids. Finally, in Section 9 we
determine the binary almost-graphic matroids with circuit-hyperplanes and
use them to determine the nonbinary almost-graphic matroids.
The matroid terminology used here will in general follow Oxley [7]. A
matroid M is three-connected if it is connected and EM cannot be parti-
tioned into subsets X and Y , each having at least two elements, such that
rX + rY  − rM = 1. If M and N are matroids on the sets S ∪ e and S,
where e 	∈ S, then M is an extension of N if M\e = N , and M is a coexten-
sion of N if M∗ is an extension of N∗. If N is a three-connected matroid,
then an extension M of N is three-connected provided e is not in a one-
or two-element circuit of M and e is not a coloop of M . Likewise, M is a
three-connected coextension of N if M∗ is a three-connected extension of
N∗. If x y is a circuit of the matroid M , we say that x and y are in par-
allel in M . If instead, x y is a cocircuit of M , then x and y are in series
in M . The matroid M is a parallel extension of N if N = M\T and every
element of T is in parallel with some element of M not in T . Series exten-
sions are deﬁned analogously. We call M a series-parallel extension of N if
M can be obtained from N by a sequence of operations, each of which is
either a series or a parallel extension. A series-parallel extension of a single-
element matroid is called a series-parallel network. For convenience, series
extensions, parallel extensions, and series-parallel extensions are denoted
as s-extensions, p-extensions, and sp-extensions, respectively.
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For any matroid M not in , deﬁne CM = e ∈ EM: M/e 	∈  and
DM= e ∈ EM: M\e 	∈ . We say M is almost- if CM ∩DM =
φ. In this case, deﬁne RM = EM − CM ∪DM. If M is almost-
then its dual M∗ is almost- with CM∗ = DM, DM∗ = CM, and
RM∗ = RM. Let H be a minor of M such that H 	∈ . Observe that,
CH ⊆ CM, DH ⊆ DM, and RM ⊆ RH.
The direct sum and two-sum of matroidsM1 andM2 are denoted asM1⊕
M2 and M1 ⊕2 M2, respectively. Suppose M1 and M2 are binary matroids
such that EM1 ∩ EM2 = T and M1T = M2T . Let N = M1T . If 1 ≤
rN ≤ 2 and N is closed in Mi for i ∈ 1 2, then T is a modular ﬂat in
M1 and M2. In this case the generalized parallel connection of M1 and M2,
denoted by PNM1M2, is deﬁned. If T = p, denote by PM1M2 the
parallel connection of M1 and M2 with respect to p. If T is a triangle, then
denote by PM1M2 the generalized parallel connection of M1 and M2
with respect to . A nonempty sequence T1 T2     Tk of triangles and
triads in M is a chain of length k if for i ∈ 1 2     k− 1:
(i) exactly one of Ti and Ti+1 is a triangle and the other is a triad;
(ii) Ti ∩ Ti+1 = 2; and
(iii) Ti+1 − Ti ∩ T1 ∪ T2 ∪ · · · ∪ Ti = φ.
For each i, Ti is called a link in the chain. A fan is a maximal chain in a
three-connected matroid, which is neither a wheel nor a whirl. A type-1 fan
is a fan in which both T1 and Tk are triangles. A type-1 fan is nontrivial if
it has at least three links. Unless speciﬁed, type-1 fans are assumed to be
nontrivial. For n ≥ 3, let Wn denote the wheel graph with n spokes. Label
the spokes of Wn as s1 s2     sn and the rim elements as r1 r2     rn such
that si si+1 ri are triangles for i ∈ 1 2     n with sn+1 = s1. We will
use the following result by Oxley and Wu [8]:
Proposition 1.2. Suppose M is a three-connected matroid with a chain,
labeled as s1 r1 s2 r2     sn−1 rn−1 sn such that Ti = si ri si+1 is a tri-
angle for i ∈ 1 2     n − 1 and Ti = ri si+1 ri+1 is a triad for i ∈
1 2     n− 2. Then M = PHMWn\rn, where  = s1 sn rn and
H is obtained from M\s2     sn−1/r1     rn−2 by relabeling rn−1 as rn.
Moreover, either H is three-connected or rn is in a unique two-circuit of H
and H\rn is three-connected.
We say that H is obtained from M by decomposing the chain and M is
obtained from H by sticking the chain along triangle s1 rn sn. In this paper
the chains we are concerned with are type-1 fans and we will frequently
speak of sticking a fan along a triangle with speciﬁed basis points. The next
result is Seymour’s well-known theorem on the decomposition of regular
matroids [7, Sect. 13.2.2]. The matroid R10 is a splitter for the class of
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regular matroids. It is almost-graphic since, for every element e, R10\e ∼=
MK3 3 and R10/e ∼= M∗K3 3. A binary matrix representation for R12 is
shown below:
1   6 7 8 9 10 11 12

I6
1 1 1 0 0 0
1 1 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 1 1
0 0 0 1 1 1


Observe that R12 is not almost-graphic since for e ∈ 3 4 7 8 11 12, both
R12\e and R12/e are cographic.
Theorem 1.3. Let M be a three-connected regular matroid. Then either
M is graphic or cographic or M has a minor isomorphic to one of R10 or R12.
For n ≥ 3, let B3n+1 be the bicycle wheel with rank n + 1 and 3n + 1
elements. It is described in [1] as the graph with n + 2 vertices formed
from a cycle on n vertices and a single edge z incident with no vertices
of the rim by joining each endpoint of z to each vertex of the rim. Label
the n edges of the rim as c1     cn. Label the spokes originating from
one of the middle vertices as a1     an and from the other as b1     bn
(see Fig. 1). Observe that, B10 ∼= K5, the complete graph on ﬁve vertices.
For n ≥ 3, let µ2n denote the Mobius ladder with 2n vertices, that is, the
graph formed from the cycle with 2n vertices and edges labeled 1 2     2n
so that every pair of diametrically opposite vertices is joined by an edge.
Observe that µ6 ∼= K3 3. Let MK′′′3 3 be the graph labeled as shown in
Fig. 1 with triangles u x1 w u y1 z, and u v1 w. For mn r ≥ 1,
let 1mn r be the inﬁnite family obtained by sticking type-1 fans of
w
z
x1u
zK3, 3’’’B3n+1
y1
cn
c1
c2
a1
a2
b1b2
bn
an
FIGURE 1
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length m, n, and r along the above triangles with basis points ux1, uw;
uy1, uz; and uw, wv1; respectively. Let 2mn r be the inﬁnite family
obtained by sticking type-1 fans of length m, n, and r along the above
triangles with basis points ux1, uw; uy1, uz; and uw, uv1; respectively. The
following result is a restatement of Gubser’s result on almost-planar graphs
[1, Sect. 2.1]:
Theorem 1.4. Suppose G is a simple three-connected almost-planar
graph. Then G is isomorphic to a three-connected nonplanar minor of B3n+1
for n ≥ 3 µ2n for n ≥ 31mn r, or 2mn r for mn r ≥ 1.
The regular almost-graphic matroids are easily obtained from the almost-
planar graphs as shown below.
Corollary 1.5. Suppose M is a three-connected regular almost-graphic
matroid. Then M ∼= R10 or M = M∗G, where G is isomorphic to a three-
connected nonplanar minor of B3n+1 for n ≥ 3 µ2n for n ≥ 31mn r, or
2mn r for mn r ≥ 1.
Proof. Suppose M is a three-connected regular almost-graphic matroid.
ThenM is graphic or cographic orM has a minor isomorphic to R10 or R12.
Since R10 is a splitter for the regular matroids and R12 is not almost-graphic,
it follows that M is cographic or isomorphic to R10. If M is cographic, then
M =M∗G, where G is a simple three-connected nonplanar graph. Since
for every element e, eitherM\e orM/e is a graphic matroid, therefore G\e
or G/e is a planar graph. The result follows from Theorem 1.4.
2. THE MAIN THEOREM
We begin this section by describing the families of almost-graphic
matroids. For n ≥ 3, consider the binary matroid S3n+1 obtained from
B3n+1 by replacing edge cn with an element that forms a circuit with each
of a1 an z and b1 bn z. We call z the anchor of S3n+1. Figure 2 gives a
binary matrix representation for S3n+1. In the picture, identifying x with a1
and y with b1 gives the graph B3n+1. Identifying x with b1 and y with a1
gives an illustration of the triangles in S3n+1 and is useful for the proofs in
Section 7. Note that S3n+1 is nonregular and has no graphic representation.
Table I lists the deletions and contractions of S3n+1. Observe that, for
i ∈ 1     n, S3n+1/ci\ai bi ∼= S3n−2 and S3n+1\z is isomorphic to the dual
of the Mobius ladder. Moreover, S3n+1 is almost-graphic with CS3n+1 =
c1     cn, DS3n+1 = a1     an b1     bn, and RS3n+1 = z.
Next, we describe an important family of matroids whose duals are restric-
tions of S3n+1. For n ≥ 3, let MS n denote the binary three-connected
single-element extensions of MWn, where S is a subset of the spokes
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FIGURE 2
and the new element x forms a circuit with S, that is, the set S ∪ x is
a circuit. The matroid MS n is represented by the matrix InDnx,
where the nonzero elements of column x correspond to the spokes in
S. Observe that, Ms1 s2 s3 3 ∼= F7, Msi si+2 4 ∼= MK5\e, and
Ms1 s2 s3 s4 4 ∼= M∗K3 3. For convenience, we denote MS n
with S = n as F2n+1. The circuits of F2n+1 are spanned by the circuits of
MWn together with the circuit s1     sn x. Two important families
of the form MS n are Msi si+1 si+2 n and Msi si+1 sk n for
n ≥ 3, i = 1     n, sn+1 = s1, sn+2 = s2, and k 	= i i+ 1. Label the Fano
matroid as F7 = Msi si+1 si+2 3. The triangles of F7 are si si+1 ri,
si+1 si+2 ri+1, si+2 si ri+2, si ri+1 x, si+1 ri+2 x, si+2 ri x, and
ri ri+1 ri+2. The family Msi si+1 si+2 n is obtained from F7 by
sticking a type-1 fan along a triangle with two spokes, say si+2 si ri+2,
with the spokes as basis points. The family Msi si+1 sk n is obtained
from F7 by sticking type-1 fans along two triangles (with two spokes each),
say si+2 si ri+2 and si+1 si+2 ri+1, with the spokes as basis points.
The matroid F7 also gives rise to two unusual families of matroids
obtained by sticking type-1 fans along each of three triangles with a com-
mon element, say, for example, si ri+1 x, si+1 ri+2 x, and si+2 ri x.
For mn r ≥ 1, let 1mn r be the inﬁnite family obtained by sticking
type-1 fans of length m, n, and r along the above triangles with basis points
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TABLE I
Almost-Graphic Matroids
Single-element Single-element
Matroid Elements deletion contraction
S3n+1 z M
∗µ2n p-extension of MWn
n ≥ 3 c1     cn MB3n+1\cn p-extension of S3n−2
a1     an b1    bn S3n+1\a1 p-extension of
MB3n−2\cn
F2n+1 spokes F2n+1\si p-ext of MG2n−2a
n ≥ 5 rim elements MG2n p-ext of
MS − si si+1 n− 1
x MWn MH2nb
1mn r x 1mn r\x sp-network
mn r ≥ 1 si 1mn r\si sp-ext of MWn−2
si+1 ri 1mn r\si+1 sp-ext of MWn−2
other spokes s-ext of Mc p-ext of MWn−1
other rim elements sp-ext of MWn−1 p-ext of M
2mn r x 2mn r\x sp-network
mn r ≥ 1 si 2mn r\si sp-ext of
Msi si+2 n− 2
si+1 si+2 2mn r\si+1 sp-ext of
Msi si+2 n− 2
other spokes s-ext of Nd p-ext of MWn−1
other rim elements sp-ext of MWn−1 p-ext of N
Msi si+1 si+2 n ri ri+1 si+1 x MWn p-ext of MWn−1
n ≥ 4 si si+2 MS n\si sp-network
other spokes s-ext of MS n− 1 sp-ext of MW3
other rim elements sp-ext of MW3 p-ext of MS n− 1
Msi si+1 sk n x MWn p-ext of
Msi si+2 n− 1
n ≥ 5 si MS n\si sp-ext of a wheel
si+1 MS n\si+1 sp-ext of a wheel
sk MS n\sk sp-network
ri Msi si+2 n\si p-ext of MWn−1
other spokes s-ext of MS n− 1 sp-ext of a wheel
other rim elements sp-ext of a wheel p-ext of MS n− 1
a For k ≥ 4G2k is the cycle with k + 1 vertices and edges s1     sk sk+1 along with
additional edges ri such that si si+1 ri forms a triangle for i ∈ 1     k − 1. Note that
G8 ∼= W4 and G10 ∼= K5\e∗ with an additional edge.
b For k ≥ 5, H2k is the cycle with k vertices and edges s1     sk along with additional
edges ri such that si si+1 ri forms a triangle for i ∈ 1     k with sk+1 = s1. Note that
H10 ∼= K5.
c The matroid M depends on the spoke deleted. For example, if one of the m − 2 spokes
from the type-1 fan with length m is deleted we get 1m − 1 n r. In all cases the rank is
reduced by one.
d Similar to the previous footnote.
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as six; si+1x; and rix; respectively. Let 2mn r be the inﬁnite family
obtained by sticking type-1 fans of length m, n, and r along the above
triangles but with basis points as six; si+1x; and si+2x; respectively. The
ranks of these two families are 3+m− 2+ n− 2 + r − 2 = m+ n+ r − 3.
Table I lists the deletions and contractions of the above matroids. Observe
that, 1mn r and 2mn r are almost-graphic with RM = 0.
The next two theorems are the main results in this paper. Theorem 2.1
characterizes the binary almost-graphic matroids and Theorem 2.2 presents
the almost-graphic theorem in its full generality. The proofs of these theo-
rems are detailed in the remaining sections.
Theorem 2.1. A binary three-connected matroid M is almost-graphic if
and only if M or M∗ is nongraphic and is isomorphic to
(i) a three-connected restriction of R10 S3n+1 for n ≥ 31mn r, or
2mn r for mn r ≥ 1; or
(ii) the dual of a three-connected restriction of MB3n+1 for n ≥ 3,
M1mn r, or M2mn r for mn r ≥ 1.
Theorem 2.2. A three-connected matroid M is almost-graphic if and only
if M or M∗ is nongraphic and is isomorphic to
(i) a three-connected restriction of R10 S3n+1 for n ≥ 31mn r,
or 2mn r for mn r ≥ 1;
(ii) the dual of a three-connected restriction of MB3n+1 for n ≥ 3,
M1mn r, or M2mn r for mn r ≥ 1;
(iii) W n for n ≥ 3, U2n or Un−2n for n ≥ 4; or
(iv) A relaxation of a three-connected nongraphic restriction of S3n+1
for n ≥ 3 or 2mn r for mn r ≥ 1.
3. TYPE-1 FANS AND ALMOST- MATROIDS
From this section onward we assume that the class  in addition to
being closed under minors and isomorphism is also closed under duals,
direct sums, two-sums, and generalized parallel connection. Therefore, the
excluded minors of  are three-connected. The ﬁrst proposition in this
section establishes that we do not lose generality by studying only three-
connected almost- matroids. The next proposition describes triangles and
triads in almost- matroids.
Proposition 3.1. Suppose M is an almost- matroid. Then
(i) M is a connected matroid.
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(ii) If AB is a two-separation of M , then A or B is contained in a
series or parallel class of M .
Proof. (i) Suppose M is not connected. Then M can be written as
the direct-sum of matroids M1 and M2 such that EM1 ∩ EM2 = φ and
EM1 ∪ EM2 = EM [7, Sect. 4.2.11]. Since M 	∈ , either M1 	∈  or
M2 	∈ , say M1 	∈ . Then for every e ∈ EM2M\e = M1 ⊕M2\e and
M/e = M1 ⊕M2/e. Since M1 	∈ , both M\e and M/e are not in  and
we arrive at a contradiction.
(ii) Next, suppose AB is a two-separation of M . Then, M can be
written as the two-sum of matroidsM1 andM2, such that EM1 = A∪ p
and EM2 = B ∪ p, where A ∪ B = EM and p is the new element [7,
Sect. 8.3.1]. Since M 	∈ , either M1 	∈  or M2 	∈ , say M1 	∈ . We will
prove that B is contained in a series or parallel class of M . Choose a cir-
cuit C of M which meets both A and B such that C ∩ B is maximum. If
C ∩B = 1, then every circuit ofM which meets both A and B intersects B
in exactly one element. So the elements of B are in parallel in M . Suppose
C ∩ B > 1. Observe that C ∩ B ⊆ CM and B − C ⊆ DM since the
matroids obtained by contracting an element in C ∩ B and deleting an ele-
ment in B − C, respectively, have a minor isomorphic to M1 and M1 	∈ .
If C ∩ B = B then B is contained in a series class of M . Suppose, if possi-
ble, C ∩ B 	= B. Then there is an element e ∈ B − C. Let C ′ be a circuit of
M which meets both A and B such that e ∈ C ′. Then B − C ′ ⊂ DM and
C ∩ B ⊂ CM. Since CM ∩DM = φ, it follows that C ∩ B ⊂ C ′ ∩ B
and we arrive at a contradiction by the choice of C. Therefore, C ∩B = 1,
that is, the elements of B are in parallel in M .
Proposition 3.2. Suppose M is a three-connected almost- matroid and
e ∈ CM.
(i) If e is in a triangle e f g of M , then f g ⊆ DM.
(ii) If AB is a two-seperation for M/e and M is binary, then
minA B = 2.
(iii) If e is not in any triangle of M , then M/e is a three-connected
almost- matroid.
Proof. (i) Suppose e is in a triangle e f g in M . Then f g are
in parallel in M/e. Since M/e 	∈ , both M/e\f 	∈  and M/e\g 	∈ .
Consequently, M\f 	∈  and M\g 	∈ . Hence f g ⊆ DM.
(ii) Suppose M/e has a two-seperation AB. Then since e ∈ CM,
and  is closed under minors, M/e is almost-. Proposition 3.1(ii) implies
that A or B is contained in a series or parallel class of M/e. Without loss of
generality, suppose B is contained in a series or parallel class of M/e. Since
M is three-connected, M/e has no nontrivial series class. Therefore, B is
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contained in a parallel class of M/e and M/eB is isomorphic to U1B. It
follows that MB ∪ e is isomorphic to U2B+1. Finally, since M is binary,
B = 2.
(iii) Clearly M/e is almost-. Suppose, if possible, M/e is not three-
connected. Then M/e has a two-seperation AB. It follows from Propo-
sition 3.1(ii) that A or B is contained in a series or parallel class of M ,
say B. As in the previous part, we can show that MB ∪ e is isomorphic
to U2 B+1. Therefore, B ∪ e is a union of triangles in M , which contra-
dicts the hypothesis that e is not in any triangle of M . Therefore, M/e is
three-connected.
In the next result we prove that the matroid obtained by sticking a type-1
fan along a triangle of an almost- matroid is also almost-. Since the
classes of regular and graphic matroids are closed under the operation
of generalized-parallel connection [7, Sect. 12.4.19], this result gives us a
way of constructing new almost-regular and almost-graphic matroids from
existing almost-regular and almost-graphic matroids, respectively.
Proposition 3.3. Suppose H is an almost- matroid with a triangle
labeled as  = s1 sn rn and M = PHMWn\rn. Then M is almost-
 with CM = CH − rn ∪ r1     rn−1 and DM = DH ∪
s1     sn if and only if rn ∈ CH ∪ RH.
Proof. Suppose M is almost- with CM and DM as described
above. Suppose, if possible, rn ∈ DH. Observe that M/r1     rn−1 −
rj\s2     sn−1 ∼= H for every j ∈ 1     n − 1. Therefore, since
H 	∈ , M/ri 	∈  for i = 1     n− 1. Next observe that M\ri is isomor-
phic to a series-parallel extension of H\rn. Since rn ∈ DH, H\rn 	∈ ,
which contradicts the hypothesis that M is almost-. Therefore, rn ∈
CH ∪ RH.
Conversely, suppose rn ∈ CH ∪ RH. We will ﬁrst show that CH −
rn ⊆ CM and DH ⊆ DM. Let e ∈ CH − rn. Then [7, Sect.
12.4.14] implies that M/e = PH/eMWn\rn. Since the generalized-
parallel connection is closed under , M/e ∈  if and only if H/e ∈ .
Therefore, CH − rn ⊆ CM. Similarly if e ∈ DH, then H\e =
PH\eMWn\rn and M\e ∈  if and only if H\e ∈ . Therefore
DH ⊆ DM. Next, we will show that r1     rn−1 ⊆ CM. Since
M/r1     rn−1 − rj\s2     sn−1 ∼= H for every j ∈ 1     n − 1
and H 	∈ ; therefore, for i ∈ 1 2     n − 1M/ri 	∈ . Observe that
M\ri is isomorphic to a series-parallel extension of H\rn. Since H is
almost- and rn ∈ CH ∪ RH, it follows that H\rn ∈  and conse-
quently, M\ri ∈ .
Next we will show that s2    sn−1 ⊆ DM. For i ∈ 2     n − 1
M\si 	∈  follows from the fact that M\si/r2    rn−1\s2     si−1
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si+1     sn−1 ∼= H and H 	∈ . Observe that, for i ∈ 2     n − 1,
M/si is isomorphic to a series-parallel extension of H\rn. Again,
since H\rn ∈ , it follows that M/si ∈ . It remains to show that
s1 sn ⊆ DM. Since r1 and r2 are in series in M\s2 and M\s2 	∈ ,
therefore, M\s2/r1 	∈ . However, s1 and s2 are in parallel in M/r1. So
M\s1/r1 ∼= M\s2/r1 and consequently M\s1/r1 	∈ . Therefore, M\s1 	∈ .
Observe that M/s1 ∼= PrnsnH/s1MWn/s1\rn. Since rn and sn are in
parallel in H/s1, PrnsnH/s1MWn/s1\rn = PH/s1\rnMWn/s1\rn.
Moreover, H/s1 ∈  because otherwise s1 ∈ CH and by Proposi-
tion 3.2(i) rn ∈ DH, which is a contradiction. Therefore, H/s1\rn ∈ 
and consequently M/s1 ∈ . Similarly we can show that M/sn ∈  and
M\sn 	∈ . Therefore, s1 sn ⊆ DM.
4. A CHARACTERIZATION OF BINARY SINGLE-ELEMENT
EXTENSIONS OF WHEELS
The following lemma whose proof is obvious will be used frequently in
this section.
Lemma 4.1. Two binary matroids M and N deﬁned on the same ground
set are equal when there is an element x such that M\x = N\x and for some
subset S not containing x, S ∪ x is a circuit of both M and N .
Lemma 4.2. (i) For n ≥ 4, if si 	∈ S, then MS n/ri\si ∼=MS n− 1.
(ii) For n ≥ 4, if S ≥ 5 and si si+1 ∈ S, then MS n/ri\si ∼= MS −
si si+1 n− 1.
(iii) For n ≥ 5, F2n+1/ri\si ∼= MS − si si+1 n − 1, where S −
si si+1 = n− 2.
(iv) For n ≥ 5, F2n+1/ri ri+1\si si+1 ∼= F2n−2+1.
Proof. (i) Since si 	∈ S, MS n/ri\si x ∼=MS n− 1\x and S ∪ x
is a circuit of both MS n/ri\si and MS n− 1. The result follows from
Lemma 4.1.
(ii) Since si si+1 ∈ S, MS n/ri\si x ∼=MS − si si+1 n− 1\x.
Next, since MS n is binary and S ∪ x and si si+1 ri are circuits in
MS n, S ∪ xsi si+1 ri = S − si si+1 ∪ ri x is also a circuit of
MS n. Therefore, S − si si+1 ∪ x is a circuit of MS n/ri\si. How-
ever, S − si si+1 ∪ x is also a circuit of MS − si si+1 n− 1 and the
result follows from Lemma 4.1.
(iii) Since si si+1 ∈ S in F2n+1, it follows from part (ii) that F2n+1/
ri\si ∼=MS − si si+1 n− 1, where S − si si+1 = n− 2.
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(iv) Since si+1 	∈ S in MS − si si+1 n− 1, it follows from (i) that
MS − si si+1 n − 1/ri+1\si+1 ∼= MS − si si+1 n − 2. Therefore,
F2n+1/ri ri+1\si si+1 ∼= F2n−2+1.
Lemma 4.3. For n ≥ 3, MS n is obtained from F2S+1 by sticking non-
trivial type-1 fans along triangles of the form si si+1 ri with basis points
si si+1.
Proof. We prove this result by induction on n. Suppose that the result
holds for all m < n and consider the matroid MS n. If every spoke
of MWn belongs to S, then MS n = F2S+1 and the result follows.
Therefore, suppose there is a spoke si ∈ s1    sn such that si 	∈ S.
Observe that, ri ri+1 si+1 is a triad of MWn. Since S ∪ x is a cir-
cuit and S ∪ x ∩ ri ri+1 si+1 	= 1, ri ri+1 si+1 is a triad of MS n.
Let  be a nontrivial type-1 fan of MS n having ri ri+1 si+1 as
a triad and let si and si+k be the terminal elements of  , such that
si si+1     si+k ∩ S = si si+k. Lemma 4.2 (i) and Proposition 1.2
imply thatMS n/ri+1     ri+k−1\si+1     si+k−1 ∼=MS n+ 1−k.
Since  is nontrivial, k is at least 2 and the result follows by applying the
induction hypothesis to MS n+ 1− k.
Proposition 4.4. For n ≥ 3, MS n is nonregular if and only if S is
odd. Moreover, when S is even, MS n is graphic if S = 2 and cographic
otherwise.
Proof. Lemma 4.3 implies that, for n ≥ 3, the inﬁnite familyMS n can
be constructed from F2S+1 by sticking nontrivial type-1 fans along triangles.
Since regular matroids are closed under generalized-parallel construction,
MS n is regular if and only if F2S+1 is regular. Therefore, we need to
prove that F2n+1 is nonregular if and only if n is odd. Suppose n is odd.
Repeated application of Lemma 4.2(iv) implies that F2n+1 has a minor iso-
morphic to F7. Therefore, F2n+1 is nonregular. Conversely, suppose F2n+1
is nonregular and suppose if possible n is even. Recall that, F2n+1 is rep-
resented by the matrix InDnx, where Dn is a circulent matrix with two
ones in each column and x is a column of ones. Lemmas 1.8, 3.1, and 2.2
of Lemos [2] implies that InDnx is unimodular. This implies that F2n+1
is regular, which contradicts the hypothesis. It remains to show that when
S is even, MS n is graphic if S = 2 and cographic otherwise. Suppose
S = 2, say S = si sj, i 	= j; then MS n is isomorphic to the cycle
matroid of the graph obtained from Wn with edge e joining spokes si and
sj . Therefore, MS n is graphic. Suppose S ≥ 4; then Lemma 4.2(i) and
(ii) imply that MS n has a minor isomorphic to M∗K33. Therefore,
MS n is not graphic. Theorem 1.3 implies that MS n may be graphic
or cographic or may have a minor isomorphic to R10 or R12. Note that
R10 is a splitter for regular matroids. If MS n has an R10-minor, then
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MS n is isomorphic to R10; a contradiction since MS n is odd. Sim-
ilarly, MS n is not isomorphic to R12. Suppose, if possible, MS n is
isomorphic to a regular matroid with an R12 minor. Then since MS n is
three-connected it can be decomposed as a three-sum of proper minors;
a contradiction since MS n is equal to F2n+1 or the generalized parallel
connection across a triangle of matroids of the form F2n+1 and MWn with
the rim element of the triangle deleted.
Proposition 4.5. For n ≥ 5, n odd, F2n+1 is almost-graphic with
CF2n+1= r1 r2     rn, DF2n+1= s1 s2     sn and RF2n+1 = x.
Proof. Suppose n ≥ 5, n odd. Lemma 4.2(iii) implies that F2n+1/ri\si ∼=
MS−si si+1 n− 1, where S−si si+1 = n− 2. Since n is odd, n− 2
is odd and Proposition 3.4 implies that F2n+1/ri\si is nonregular. There-
fore, for i ∈ 1     n, F2n+1/ri and F2n+1\si are nonregular. It follows
from Table I that F2n+1\ri and F2n+1/si, F2n+1\x, and F2n+1/x are graphic
matroids.
We will now determine those matroids that can be obtained from F2k+1
by sticking type-1 fans along triangles. Suppose k ≥ 5 and k odd. The only
triangles in F2k+1 are of the form si si+1 ri. Since ri ∈ CM, Propo-
sitions 3.3, 4.5, and Lemma 4.3 imply that the almost-graphic matroids
obtained from F2k+1 are of the form MS n, n ≥ 5, S odd with CM =
r1 r2     rn, DM = s1 s2     sn, and RM = x. Next suppose
k = 3. In this case F2k+1 = F7 and every element of F7 is in RF7.
Recall that any two triangles in F7 intersect in exactly one element. Sup-
pose we stick a type-1 fan along triangle T = a b c, where a and b are
the basis elements. Then a b ⊆ DM and we get a matroid with four
regular elements. This matroid is isomorphic to Msi si+1 si+2 n with
RM = ri ri+1 si+1 x. Suppose we stick a second type-1 fan along a tri-
angle T ′. Then T ′ has exactly one element in common with T and the com-
mon element cannot be c. So T ′ contains a or b. Suppose T ′ = a d e.
Since a ∈ DM, a must be a basis element of the second type-1 fan.
Suppose d is the other basis element. Then a b d ⊆ DM and we
get a matroid with two regular elements. This matroid is isomorphic to
Msi si+1 sk n with RM = ri x. Finally, suppose we stick a third
type-1 fan along a triangle T ′′. Then T ′′ must have an element in common
with T and an element in common with T ′. Since these elements cannot be
c and e, T ′′ ∩ T contains a or b and T ′′ ∩ T ′ contains a or d. If a ∈ T ′′, then
T ′′ = a f g. So a must be a basis element of the type-1 fan and the other
basis element could be f or g and we get two possible matroids, each with
zero regular elements. These two possibilities give rise to the nonisomor-
phic matroids 1mn r and 2mn r. If a 	∈ T ′′, then T ′′ = b d f.
So b and d must be the basis elements of the third type-1 fan and we get a
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matroid with one regular element. This matroid is isomorphic to MS n
with S = 3 and S having no consecutive spokes and with RM = x.
The next corollary follows from the above discussion.
Corollary 4.6. The almost-graphic matroids obtained from F2n+1 for n≥
3 and n odd are MS n for n ≥ 3 and S odd, 1mn r, and 2mn r.
Moreover
(i) For n ≥ 5 and S odd, MS n is almost-graphic with CM =
r1 r2     rn, DM = s1 s2     sn and RM = x.
(ii) For n ≥ 3 and S = 3, if S has three consecutive spokes
si si+1 si+2, then RM = ri ri+1 si+1 x; if S has two consecutive
spokes si si+1, then RM = ri x; if S has no consecutive spokes, then
RM = x.
(iii) 1mn r and 2mn r are almost-graphic matroids with zero
regular elements.
5. THE BINARY ALMOST-REGULAR MATROIDS WITH
NO S10-MINOR
Suppose M is a binary three-connected nonregular matroid. Then Sey-
mour’s splitter theorem [7, Sect. 11.2.1] implies that M can be obtained
from F7 or F
∗
7 by a sequence of extensions and coextensions. Clearly F7
is almost-graphic with RF7 = 7. The matroid F7 has no binary three-
connected single-element extensions and two binary three-connected single-
element coextensions, namely, S8 and AG3 2, both of which are self-dual.
Observe that AG3 2 is not almost-regular since every single-element
deletion and contraction of AG3 2 is isomorphic to F∗7 and F7, respec-
tively. The matroid S8 is almost-graphic with RS8 = 6. It has two noniso-
morphic binary three-connected single-element extensions, namely P9 and
Z4 [5]. The matroid Z4 is not almost-regular since it has an AG3 2 minor
and P9 ∼= Ms1 s2 s3 4, which is almost-graphic with RP9 = 4. The
matroid P9 has three nonisomorphic three-connected single element exten-
sions of which the only extension that matters is S10 since the other two
are not almost-regular. The detailed computations are presented in the
Appendix. Recall from Table I that S10 is almost-graphic with RS10 = 1.
Lemma 5.1. Suppose M is a three-connected binary almost-regular
matroid. Then RM ≤ 4 for all matroids other than F7, F∗7 , and S8.
Proof. It follows from the above discussion that if M is an almost-
regular matroid with EM ≥ 9, then M must have a minor isomorphic
to P9 or P
∗
9 . Therefore RM ≤ 4.
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Lemma 5.2. The matroids F∗7 1mn r2mn r, and MS n for
n ≥ 3 and S odd have no S10-minor.
Proof. Clearly F7 and F
∗
7 have no S10-minor. Suppose the result is not
true and choose a counterexample M of the form 1mn r2mn r,
or MS n, n ≥ 5 S odd, such that EM is as small as possible. Then,
there are subsets X and Y of EM such that M\X/Y ∼= S10. Suppose, if
possible M has a triad T = c c′ d. Then T is a triad of a type-1 fan  of
M and c and c′ belong to triangles in  . Since S10 does not have any triads,
at least one of c or c′ belongs to Y , say c. However, in M/c, the element d
is in parallel with an element d′. Therefore,M/c\d is a matroid of the form
1mn r, 2mn r, or MS n and has S10 as a minor. It follows from
Proposition 1.2 that we have a contradiction to the choice of M . Therefore
M has no triads. The only matroids of the form 1mn r, 2mn r,
and MS n without triads are F2n+1 for n ≥ 5, n odd and Table I veriﬁes
that F2n+1 has no S10-minor.
We say that a three-connected binary matroid M is minimal if every
element of CM is in a triangle of M . A minimal matroid is irreducible if
every triad T has the property that T ∩DM = φ.
Theorem 5.3. A matroid M is a three-connected almost-regular matroid
with no S10-minor if and only if M is isomorphic to F
∗
7 or a coextension of
a matroid of the form 1mn r, 2mn r, or MS n for n ≥ 3 and S
odd.
Proof. Proposition 3.2(iii) implies that every three-connected binary
almost-regular matroid with no S10-minor is isomorphic to a coextension
of a minimal matroid with no S10-minor. Therefore, we must prove that M
is a minimal three-connected almost-regular matroid with no S10-minor if
and only if M is isomorphic to F∗7 , 1mn r, 2mn r, or MS n for
n ≥ 3 and S odd. Lemma 5.2 implies these matroids have no S10-minor.
Moreover, they are also minimal since every element in CM is in a tri-
angle. Conversely, suppose M is a minimal almost-regular matroid with
no S10-minor. Suppose M has a triad T such that T ∩ DM 	= φ. Then
T is a link in a nontrivial type-1 fan of M . Proposition 1.2 implies that
the matroid obtained by decomposing all such type-1 fans is irreducible
with no S10-minor. It follows from Corollary 4.6 that the next lemma is
sufﬁcient to complete the proof of the theorem.
Lemma 5.4. A matroid M is an irreducible almost-regular matroid with
no S10-minor if and only if M ∼= F∗7 or F2n+1 for n ≥ 3, n odd.
Proof. Let M be an irreducible almost-regular matroid with no S10-
minor. The proof is by induction on rM. Lemma 1 in the Appendix
shows that the result holds up to rank 5. Therefore, we may suppose that
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rM ≥ 6. Let CM = r1 r2     rn. Lemma 2 in the Appendix implies
that n ≥ 4. Let Mi be the simple matroid associated with M/ri. Since M is
minimal, each ri is in at least one triangle of M . So there is some Xi ≥ 1
such that Mi = M/ri\Xi. Next, since CMi ⊆ CM − ri, every element
of CMi is in a triangle of M/ri and therefore in a triangle of Mi. So, Mi
is minimal. Moreover, Mi has no S10-minor. Therefore, by the induction
hypothesis Mi is obtained from F2ni+1, ni ≥ 3, ni odd, by sticking type-1
fans along triangles and r∗Mi − rMi = 1.
Lemma 5.5. For i ∈ 1 2     n r∗M − rM = Xi = 1.
Proof. Observe that, for i ∈ 1 2     n rM = rMi + 1 and
r∗M = r∗Mi + Xi. Therefore, r∗M − rM = r∗Mi + Xi −
rMi − 1 = Xi since r∗Mi − rMi = 1. Suppose if possible, Xi ≥ 2.
Now ri belongs to just one triangle T of M/rk\Xk, when ri ∈ CMk.
Proposition 3.1(ii) implies that every nontrivial parallel class of M/rk has
two elements. So ri belongs to at most four triangles of M/rk (ri belongs
to four triangles of this matroid when the parallel class of each element
of T − ri is nontrivial). Since two triangles which contain ri in M can have
just one element in common, it follows that only two of these triangles can
be triangles of M . Hence Xi = 2. Moreover, the parallel class of the ele-
ments belonging to T − ri in M/rk are nontrivial. Since M/rk has only two
nontrivial parallel classes, it follows that there is an element rj of CMk
such that the triangle of M/rk, which contains rj , intersects at most one
nontrivial parallel class of M/rk. We arrive at a contradiction. Therefore,
Xi = 1 and r∗M − rM = 1.
Returning to the proof of Lemma 5.4, we may suppose thatMi =M/ri\si,
where Ti is the triangle of M which contains ri and si ∈ Ti. Assume that Mi
has at least one triad T . Since T is not a triad of M , T ∪ si is a cocircuit of
M . Moreover, since si is in parallel with an element of M/ri, it follows that
si is in parallel with the element in T ∩DMi. So T is unique. Therefore,
Mi is obtained from F2ni+1 by sticking exactly one type-1 fan of length 3
along a triangle. Suppose, if possible, ni = 3. Then since rMi ≤ 4, rM =
rMi + 1 ≤ 5 and EM = EMi + 2 ≤ 11, which is a contradiction. So
we may assume that ni ≥ 5 and Mi ∼= MS n − 1 with S = n − 2 and
n ≥ 7 or S = n− 1 and n ≥ 6. Corollary 4.6(i) implies that RMi = 1,
say RMi = e. Observe that e is not in a triangle of Mi, and therefore
not in a triangle of M . So e ∈ DM ∪ RM. It remains to prove that
e ∈ RM and in particular, M\e ∼=MWn.
For d ∈ DM, let td be the number of triangles among T1 T2     Tn
which contain d. Suppose if possible td ≥ 3. Then we can reorder the
ri’s such that T1 T2, and T3 contain d. Choose s4 such that d 	= s4. In
this case, M4 has three triangles T1 T2, and T3 which contain d. This is a
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contradiction since M4 ∼= MS n − 1 with S ≥ n − 2. Hence td ≤ 2.
Next, observe that
2EM − r1 r2     rn e = 2n =
n∑
i=1
Ti − ri
= ∑
d∈DM−e
td ≤ 2DM − e
Since DM − e ⊆ EM − r1 r2     rn e, we have equality in the
above statement. Hence td = 2, for every d ∈ DM − e = EM−
r1 r2     rn e. Lastly, since M is binary, the symmetric difference of
T1 T2     Tn, which is equal to CM = r1 r2     rn, is the disjoint
union of circuits of M . However, since for every i, CM − ri is a circuit
of Mi, CM is a circuit of M . Moreover, the symmetric difference of any
proper subset of T1 T2     Tn is not a circuit of M . So we can reorder the
ri’s such that, for every i, Ti = ri di di+1, where the indices are taken
modulus n. Hence M\e is isomorphic to a wheel.
Corollary 5.6. If M is a three-connected almost-regular matroid with
no S10-minor, then rM ≥ r∗M − 1 with equality when M is a minimal
matroid other than F∗7 .
Proof. It follows from Theorem 5.3 that M is a coextension of a mini-
mal almost-regular matroid H with rH = r∗H − 1. Therefore, rM ≥
r∗M − 1.
6. THE BINARY ALMOST-REGULAR MATROIDS WITH
NEITHER S10 NOR S
∗
10-MINOR
We begin this section by determining which of the minimal matroids with
no S10-minor also have no S
∗
10-minor.
Lemma 6.1. The minimal matroids with neither S10 nor S
∗
10-minor are F
∗
7 ,
F11, 1mn r, 2mn r, or MS n for n ≥ 3 and S = 3 with at least
two consecutive spokes.
Proof. Theorem 5.3 implies that the minimal matroids with no S10-
minor are F∗7 1mn r2mn r, or MS n n ≥ 3 S odd. Clearly
F∗7 and F11 have no S
∗
10-minor since rS∗10 = 6. For n ≥ 6, S ≥ 5,
Lemma 4.2(i) and (ii) imply that MS n has a minor isomorphic to
Ms1 s2 s3 s4 s5 6. The matroid MS n, where S = 3 with no con-
secutive spokes, has a minor isomorphic to Ms1 s3 s5 6. Observe that
each of Ms1 s2 s3 s4 s5 6\s1 s3 s5 and Ms1 s3 s5 6\s1 s3 s5 is
isomorphic to S∗10. Table I veriﬁes that 1mn r and MS n, n ≥ 3, and
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S = 3 with at least two consecutive spokes do not have an S∗10-minor.
It remains to show that 2mn r has no S∗10-minor. This follows from
Table I and Lemma 4 in the Appendix.
Continuing the computations begun in Section 5, the details of which are
in the Appendix, we see that there is one unusual matroid, ME5, which
is a single-element extension of P∗9 [3]. A matrix representation for ME5
over GF2 is shown below:
1   5 6 7 8 9 10

I5
0 1 1 1 1
1 0 1 1 0
1 1 0 1 1
1 1 1 1 0
1 1 0 0 0


Observe thatME5 is almost-regular but not almost-graphic. For e ∈ 2 4,
5 6, ME5\e ∼= series extension of MW4 and ME5/e ∼= P9; for e ∈
1 8 9 10, ME5\e ∼= P∗9 and ME5/e ∼= parallel extension of MW4;
ME5\3 ∼=MK3 3 and ME5/3 ∼= parallel extension of F∗7 ; ME5\7 ∼=
series extension of F7 and ME5/7 ∼=M∗K3 3. Moreover, ME5 is self-
dual and has no minor isomorphic to S10 or S
∗
10.
Theorem 6.2. M is a three-connected almost-regular matroid with neither
S10- nor S
∗
10-minor if and only if M or M
∗ is isomorphic to ME5, F11,
1mn r, 2mn r, or MS n for n ≥ 3 and S = 3 with at least two
consecutive spokes, or their three-connected single-element deletions.
Proof. Lemma 6.1 implies that the above matroids have neither S10-
nor S∗10-minor. Suppose M is a three-connected almost-regular matroid
with neither S10- nor S
∗
10-minor. Theorem 5.3 implies that M is a coexten-
sion of a matroid in ′ = 1mn r2mn rMsi si+1 si+2 n
Msi si+1 sk n. Taking the dual if necessary, Corollary 5.6 implies that
r∗M − rM ∈ 0 1. If r∗M − rM = 1, thenM is a minimal matroid.
So M ∈ ′. Therefore we may assume that rM = r∗M. The proof is by
induction on rM. Lemmas 1 and 4 in the Appendix show that the result
holds up to rank 6 and 12 elements and Lemma 3 shows that M cannot
have ME5, F11, or F∗11 as a minor. So, we may assume that rM ≥ 7 and
EM ≥ 14. To prove the theorem we must show that M is isomorphic to
a single-element deletion of a matroid in ′.
Suppose M has a triangle T and a triad T ∗ such that T ∩ T ∗ 	= φ.
Then since M is binary, M has a chain of length at least 2. Let H =
PMMW3\r, where M and MW3 have  = T as the set of com-
mon elements and r ∈ T is a rim element. Proposition 3.3 implies that
H is an almost-regular matroid with a chain of length at least 4. Let
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 = T ∗T1T2T3 be a subchain of this chain with T ∗ and T2 as triads and T1
and T3 as triangles. Label the elements of  as follows: T ∗ = r1 s1 r2,
T1 = s1 r2 s2, T2 = r2 s2 r3, and T3 = s2 r3 s3. Proposition 3.3
implies that r2 r3 ∈ CH and s1 s2 ∈ DH. Suppose, if possible,
H has an S10-minor. Consider the subchain T1T2T3. Since S10 has no tri-
ads, S10 must be a minor of H/r2 or H/r3, say H/r2. However, in H/r2,
the element s2 is in a nontrivial parallel class. Therefore, S10 is a minor of
H/r2\s2, which is a contradiction because H/r2\s2 ∼=M . Therefore, H can-
not have an S10-minor. Similarly, by considering the subchain T ∗T1T2 we
can show that H has no S∗10-minor. Next, by the construction of H, we see
that rH = rM+ 1 and EH = EM+ 2. Since rH+ r∗H = EH,
it follows that r∗H = r∗M + 1 and consequently, rH = r∗H. Con-
sider H/r1, which is a minor of H and therefore has neither S10- nor S
∗
10-
minor. Observe that rH/r1 = r∗H/r1 − 1. Corollary 5.6 implies that
H/r1 is a minimal matroid. So H/r1 ∈ ′. However, H/r1\s1 ∼= M and
the theorem follows.
Suppose, if possible, M has no intersecting triangles and triads. Let
X and Y be sets of elements which are not in any triangles and triads,
respectively. Then EM = X ∪ Y because if there exists an element e in
EM −X ∪ Y , then e is in both a triangle and a triad, which contradicts
the assumption. Furthermore, since M is almost-regular and M/c ∈ ′, for
some element c ∈ EM, it follows that c ∈ X ∩ CM and RM/c ∈
0 2 4. In particular, X ∩ CM 	= φ and by symmetry, Y ∩DM 	= φ.
Let tc be the number of elements of M/c which are not in any triad of
M/c (and hence not in any triad of M .) Then Y − c ≤ tc . Moreover,
tc = RM/c + bc , where bc is the number of basis points of the non-
trivial type-1 fans that are stuck to F7 to obtain M/c. Therefore, tc ≤ 6.
So Y − c ≤ 6. If c /∈ Y , then Y  ≤ 6. If c ∈ Y , then c ∈ X ∩ Y . So
X ∩ Y ∩ CM 	= φ. In both cases we see that Y  − X ∩ Y ∩ CM ≤ 6.
By symmetry, X − X ∩ Y ∩DM ≤ 6. Therefore, EM ≤ 12 a con-
tradiction.
7. THE BINARY ALMOST-REGULAR MATROIDS WITH
AT LEAST ONE REGULAR ELEMENT
Let A and B be the classes of three-connected binary almost-regular
matroids with no S10-minor and no S
∗
10-minor, respectively. Then Theo-
rem 6.2 determines completely the matroids in A ∩ B. In this section, we
ﬁrst prove that a three-connected binary almost-regular matroid with both
S10- and S
∗
10-minors must have zero regular elements; i.e., we prove that the
matroids in A ∩ B have zero regular elements. Then using Theorems 5.3
and 6.2 we determine the three-connected binary almost-regular matroids
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with no S∗10-minor and with RM ≥ 1; i.e., we determine the matroids in
A ∪ B with RM ≥ 1. Combining this result with the previous result we
obtain all the binary almost-regular matroids with RM ≥ 1.
Lemma 7.1. If M is a binary three-connected almost-regular matroid with
an S10-minor and RM = 1, then rM = CM + 1.
Proof. We prove this result by induction on EM. Since rS10 = 4
and CS10 = 3, rS10 = CS10 + 1. So the result holds for S10. Since
S10 has no binary three-connected almost-regular extensions, there exists
an element e ∈ CM such that M/e has an S10-minor. Let N =M/e\X be
the parallel simpliﬁcation ofM/e, where X is the set of elements in parallel
with elements in M/e. Then N is a three-connected almost-regular matroid
with an S10-minor and consequently, RN = RM = 1. By the induc-
tion hypothesis, rN = CN + 1. Moreover, since CM = CN ∪ e
and DM = DN ∪ X, CM = CN + 1. So rM = rN + 1 =
CN + 1+ 1 = CM + 1. Hence proved.
Proposition 7.2. If M is a binary three-connected almost-regular matroid
with both S10- and S
∗
10-minors, then RM = 0.
Proof. Suppose, if possible, RM ≥ 1. Then RM = RS10 = 1.
Since M and M∗ both have an S10-minor, Lemma 7.1 implies that rM =
CM + 1 and r∗M = CM∗ + 1 = DM + 1. So EM = rM +
r∗M = CM + 1 + DM + 1 = CM + DM + RM + 1 =
EM + 1, a contradiction. Hence RM = 0.
Lemma 7.3. Suppose N = S3n+1\X, where X ⊆ DS3n+1 such that for
every i ∈ 1     n, X ∩ ai bi = 1 and N has no elements in series. Then
N ∼= MS n∗ for n ≥ 3 and S odd. Conversely, MS n∗ with n ≥ 3 and
S odd is isomorphic to a restriction of S3n+1.
Proof. Observe that, N/z ∼= MWn, since S3n+1/z is isomorphic to a
parallel extension of MWn with each pair of elements ai bi in a par-
allel class. So N∗\z ∼= MWn and N ∼= MS n∗. It remains to show
that S is odd. Without loss of generality, assume that b1 ∈ X. Observe
from Fig. 2 that when X = b1    bn, N is isomorphic to a series exten-
sion of MWn with spokes a1     an, rim elements c1    cn, and with
z in series with cn. So there must be an i 	= 1 such that ai ∈ X. When
X = b1    bi−1 ai    an then N is isomorphic to a series extension of
MWn with spokes a1    ai−1 bi    bn, rim elements c1    cn, and with z
in series with c1. So there exists j such that 1 < i < j and bj ∈ X. Therefore,
we may assume that b1 ai bj ∈ X. Let Y = CS3n+1 \ c1 ci cn. Observe
that, N/Y is isomorphic to a parallel extension of F∗7 . Therefore, N is non-
regular and Proposition 4.4 implies that S is odd. Moreover, ci ∈ S if and
only if ci is not in any triangle of N with two elements in DS3n+1 −X.
458 kingan and lemos
Next, we will show that every MS n∗ with S odd is of the
form S3n+1\X by constructing a set X with n elements such that
X ∩ ai bi = 1. Label the rim elements of MS n by y1     yn and the
spokes by c1     cn such that ci−1 yi ci is a triangle of the wheel and
label element x by z. Let X = x1     xn, such that xi yi = ai bi.
As ai bi ci−1 ci is a cocircuit of S3n+1, it follows that ci−1 yi ci is a
triad of S3n+1\X or a triangle of S3n+1\X∗. Thus triangles ci−1 ci yi
are common in MS n\z and S3n+1\X∗. As S3n+1\X∗\z is isomor-
phic to a wheel, these two matroids are equal provided yi ci yi+1 is
a triad in one of them if and only if it is a triad in the other. Observe
that yi ci yi+1 is a triad in S3n+1\X∗ if and only if yi ci yi+1 is
a triangle in S3n+1\X and yi ci yi+1 is a triangle in S3n+1\X if and
only if yi yi+1 ∈ ai ai+1 bi bi+1. Note also that, yi ci yi+1
is a triad in MS n if and only if ci 	∈ S. Thus to make S3n+1\X∗
and MS n equal we choose x1     xn inductively as follows: Let
x1 = a1. Suppose that x1     xi have been choosen, select xi+1 such that
xi+1 xi ∈ ai+1 ai bi+1 bi if and only if ci 	∈ S.
Theorem 7.4. M is a binary three-connected almost-regular matroid with
no S∗10-minor and RM ≥ 1 if and only if M is isomorphic to a three-
connected restriction of S3n+1, where n = rM − 1.
Proof. Suppose M is isomorphic to a three-connected restriction of
S3n+1. Then RM ≥ RS3n+1 = 1 and M has no S∗10-minor since
S3n+1 has no S
∗
10-minor. Conversely, suppose M is a binary three-
connected almost-regular matroid with no S∗10-minor and RM ≥ 1.
Since 1mn r and 2mn r have zero regular elements, Theorem 5.3
implies that for some Y ⊂ EM, M\Y = N , where N ∼= MS n∗ for
n ≥ 3 and S odd. For every element y ∈ Y , deﬁne My = M\Y − y.
Observe that My is almost-regular. Suppose, if possible, My is not three-
connected. Then y is a coloop or y is in a nontrivial series class in My . If
y is a coloop of My , then M\Y = M\Y − y/y and both M\y and M/y
are nonregular, a contradiction. If y is in a nontrivial series class in My ,
then M\Y has y ′ as a coloop, where y y ′ is contained in a nontrivial
series class of My , a contradiction. Therefore, My is a three-connected
almost-regular matroid with no S∗10-minor, RM ≥ 1 and My\y = N ,
where N ∼= MS n∗ for n ≥ 3 and S odd. The next lemma proves that
My is a three-connected restriction of S3n+1.
Lemma 7.5. Let M be a binary three-connected almost-regular matroid
with no S∗10-minor and RM ≥ 1. If M\y ∼= N , where N ∼=MS n∗, then
M is isomorphic to a three-connected restriction of S3n+1, where n = rM− 1.
Proof. The proof is by induction on rM. Observe that, rM = rM∗,
since M\y ∼= N , where N ∼= MS n∗. Lemmas 1 and 4 in the Appendix
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show that the result holds up to rank 6 and 12 elements. So, we may assume
that rM ≥ 7; that is, n ≥ 6 and EM ≥ 14. Lemma 7.3 implies that
N = S3n+1\X, where X ⊆ DS3n+1 such that for every i ∈ 1     n,
X ∩ ai bi = 1. Let X ∩ ai bi = xi and EN ∩ ai bi = yi.
When RN ≤ 2, the anchor z of S3n+1 is well deﬁned and is the same
as the anchor of N . When RN = 4, the anchor z of S3n+1 can be any
of the four elements in RN. In this case let RN = c2 b2 a3 z and
S = c1 c2 c3. Then CN = c1 c3 c4     cn and DN = EN −
CN ∪ RN.
Consider the matroid N/ci. Since rN ≥ 7, N/ci is nonregular except
when RN = 4 and i = 2. Let Ni ∈ N/ci\yiN/ci\yi+1 be selected so
that Ni is nonregular and RNi is minimum. Observe that RN ⊆ RNi.
Let Z = ci  RNi − RN ≤ 1. For ci ∈ Z, let Mi = M/ci\EN −
ENi ∪ ci. Since M is three-connected, Mi is a three-connected single-
element extension of Ni or y is in parallel in Mi. We will handle the cases
when RN ≤ 2 and RN = 4 separately.
Case 1. RN ≤ 2. By the induction hypothesis, when ci ∈ Z, Mi has
a triangle T = y zi y ′i, where zi is the anchor of S3n−2 and y ′i ∈ DNi ∪
RNi − zi or M has a triangle containing y and ci. Suppose T = y zi y ′i
is a triangle in M . The anchor z of S3n+1 is well deﬁned and is the same
as the anchor of N . By the deﬁnition of Z, RNi ≤ 2. So, the anchor of
Ni is the same as the anchor of N and the anchor of S3n−2 is well deﬁned
and is the same as the anchor of Ni. Therefore zi = z. Moreover, DNi ∪
RNi − zi = DN ∪RN − z. So T = y z y ′i is a triangle in M , where
y ′i ∈ DN ∪RN − z and consequently,M is a three-connected restriction
of S3n+1. Therefore, we may assume that there is no such triangle. So for
ci ∈ Z, Di = y z y ′i  ci is a circuit in M , where y ′i ∈ DN ∪RN − z or
M has a triangle containing y and ci. Suppose, if possible, T = y ci y ′i
is a triangle. Observe that y ′i ∈ DN ∪ RN. Since n ≥ 6 and Z ≥ 3, we
can choose nonconsecutive ci and cj belonging to Z. We will consider all
possible cases and show that we get a contradiction in each case.
Subcase a: M has two triangles, Ti = y ci y ′i and Tj = y cj y ′j,
where i 	= j. Then, since M is binary, TiTj = ci cj y ′i  y ′j is a circuit
of M and since it does not contain y, it is also a circuit in N . However,
if a four-element circuit in N contains exactly two elements of the form
ck, then those two elements must be consecutive. Therefore, ci and cj are
consecutive, a contradiction.
Subcase b: M has a triangle Ti = y ci y ′i and a four-element cir-
cuit Dj = y z y ′j cj, where i 	= j. If y ′i = z, then DiDj = ci cj y ′j is
a triangle, a contradiction since no triangle in N contains ci and cj . There-
fore, y ′i 	= z and DiDj = ci cj y ′i  y ′j z is a circuit of N . However, if a
ﬁve-element circuit in N contains exactly two elements of the form ck, then
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those two elements must be consecutive. Therefore, ci and cj are consecu-
tive, a contradiction.
Subcase c: M has two four-element circuits, Di = y z y ′i  ci and
Dj = y z y ′j cj, where i 	= j. Then, DiDj = ci cj y ′i  y ′j is a circuit
in N . Therefore, again ci and cj are consecutive, a contradiction. Hence
the proof is complete.
Case 2. RN = 4. By the induction hypothesis, when ci ∈ Z, Mi has
a triangle T = y zi y ′i, where zi is the anchor of S3n−2 and y ′i ∈ DNi ∪
RNi − zi or M has a triangle containing y and ci. Moreover, y ′i is a
spoke of Ni/zi. By deﬁnition, Z = c1 c3 c4     cn = CN and RNi =
RN. Choose the anchor z of S3n+1 so that z ∈ RM. So the anchor of
S3n−2 may be any one of the four elements in RN = c2 b2 a3 z. Sup-
pose zi = z, the anchor of S3n+1. Then the triangle T = y z y ′i in Mi
obtained by induction is such that y ′i ∈ DNi ∪ RNi − z c2 since c2 is
a rim element of Ni/z. Suppose T = y z y ′i is a triangle in M . Observe
that, y ′i ∈ DN ∪ RN − z c2 = DN ∪ a3 b2. So M is a three-
connected restriction of S3n+1 and we are done. Therefore, assume that
there is no such triangle. Moreover, since z ∈ RM, there is no triangle
containing y, z, and an element of CN. Therefore, there is no triangle
containing y and z. So, for ci ∈ Z, Di = y z y ′i  ci is a circuit inM , where
y ′i ∈ DN ∪ a3 b2 or M has a triangle containing y and ci.
Suppose, if possible, for ci ∈ Z, T = y ci y ′i is a triangle inM . Observe
that y ′i ∈ DN since ci ∈ Z ⊆ CN. Moreover, M/z is a three-connected
single-element extension of N/z. Since N/z ∼=MWn and y and z are not
in a triangle, M/z is of the form MS n. So T = y ci y ′i is a triangle of
M/z, where y ′i is a spoke of N/z ∼= MWn. Let T ′ be the triangle of N/z
that contains ci. Then the other two elements in T ′ are spokes of MWn,
distinct from y ′i . Moreover, T
′ is also a triangle of M/z and T ∩ T ′ = ci.
So, C = TT ′ is a circuit ofM/z containing exactly three spokes ofMWn.
So M/z is nonregular, a contradiction since z ∈ RM. Therefore, M has
no triangle containing y and ci, where ci ∈ Z. So, Di = y z y ′i  ci is a
circuit in M , where y ′i ∈ DN ∪ a3 b2. Then Di − z = y ci y ′i is a
triangle in M/z and we reach a contradiction as above.
Thus we have proved the result when zi = z. Assume zi 	= z. There
remain just three possibilities for zi. If zi = zj 	= z, then DiDj =
ci cj y ′i  y ′j is a circuit in N . Therefore, ci and cj are consecutive. Observe
that z1 	= z3 since Z = c1 c3 c4     cn. Moreover, z3 	= z4 since
c3 c4 y3 y5 is not a circuit. Similarly, z1 	= zn. As there are only three
possibilities for zi, it follows that z4 = z5 = · · · = zn−1. Therefore, ci and
cj are consecutive for i j ∈ 4 5     n− 1. Since n ≥ 6, Z ≥ 5 and we
can choose nonconsecutive ci and cj , a contradiction.
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Returning to the proof of Theorem 7.4, we see that when RN ≤ 2,
thenMy has the same anchor as S3n+1 for all y ∈ Y , and the theorem holds.
Therefore, suppose My\y ∼= N , where RN = 4. Lemma 7.5 implies that
y ∈ b1 a2 b3 a4 a5     an. If y ∈ b1 a4, then we can replace N by
N ′ =My\a1, where N ′ ∼=MS n∗ with S = 3 and exactly two consecutive
spokes. In particular, RN ′ = 2. If y ∈ a5     an, then we can replace
N by N ′ = My\bi, where N ′ ∼= MS n∗ and RN ′ = 1. Finally, if
y ∈ a2 b3, then adjoining either a2 or b3 to N givesMsi si+1 si+2 n+
1\si and adjoining both gives Msi si+1 si+2 n+ 1, which is a restric-
tion of S3n+1.
Corollary 7.6. M is a binary three-connected almost-regular matroid
with RM ≥ 1 if and only if M or M∗ is isomorphic to a three-connected
restriction of S3n+1 for n ≥ 2.
Proof. The proof follows from Proposition 7.2 and Theorems 6.2 and
7.4.
8. THE BINARY ALMOST-GRAPHIC MATROIDS
Recall that, A and B are the classes of binary three-connected almost-
regular matroids with no S10-minor and no S
∗
10-minor, respectively. In
this section we prove that the matroids in A ∪ B with zero regular ele-
ments are not almost-graphic. This gives us the binary three-connected
almost-regular matroids with no ME5-minor. Speciﬁcally, we prove that
the binary almost-regular matroids with an S10- or an S
∗
10-minor and with
RM = 0 must have an ME5-minor with one exception, the matroid
X12, for which a binary matrix representation is shown below:
1   6 7 8 9 10 11 12

I6
0 1 1 1 1 1
1 0 1 1 1 0
1 1 0 1 0 0
1 1 1 1 0 1
1 1 0 0 0 0
1 0 0 1 0 0


Observe that X12 is self-dual. For e ∈ 1 9 11 12, X12\e ∼= S∗13/b3 a4
and X12/e ∼= parallel extension of M∗K5\e; e ∈ 3 5 6 7, X12\e is a
series extension of MK5\e and X12/e ∼= S13\b3 a4; for e ∈ 2 4,
X12\e is cographic and X12/e ∼= parallel extension of P∗9 ; and for e ∈
8 10, X12\e is a series extension of P9 and X12/e is graphic. So X12 is
almost-regular but not almost-graphic with both an S10- and an S
∗
10-minor
but no ME5-minor.
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Theorem 8.1. If M is a binary three-connected almost-regular matroid
with an S10- or S
∗
10-minor and RM = 0, then M ∼= X12 or M has an
ME5-minor.
Proof. Let M be a three-connected binary almost-regular matroid with
an S10-minor and with RM = 0. If M has an S∗10-minor we can replace
M with M∗ and proceed in the same way. The proof is by induction on
EM. Lemmas 1 and 4 in the Appendix show that the result holds up to
rank 6 and 12 elements and Lemma 5 shows that M cannot have X12 as a
minor. Therefore, we may assume that EM ≥ 13.
Let H = M\X/Y be isomorphic to S10, where X ⊆ DM and Y ⊆
CM. Let z ∈ RH. Since RM = 0, z ∈ CM or z ∈ DM. Suppose
z ∈ CM. For every x ∈ X, let Mx = M\x/Yx be the series simpliﬁcation
of M\x, where Yx is the set of elements in series with elements in M\x.
For every y ∈ Y , let My = M/y\Xy be the parallel simpliﬁcation of M/y,
where Xy is the set of elements in parallel with elements in M/y. Observe
that each of Mx and My is a three-connected matroid with an H-minor. If
either RMx = 0 or RMy = 0, then the result holds by the induction
hypothesis. Therefore, we may suppose that both RMx = RMy = 1
and RMx = RMy = z.
We will ﬁrst prove that Y ⊆ RM/z. Observe that, for every y ∈ Y ,
since M\y is regular, M\y/z is regular. Suppose, if possible, there exists
y ∈ Y , such that M/y z is nonregular. Then, either M/y z\Xy is non-
regular or z is in parallel with some element in M/y. In the ﬁrst case,
M/y\Xy/z = My/z is nonregular, a contradiction because z ∈ RMy.
In the second case, M/y\z is nonregular. Therefore, M\z is nonregular, a
contradiction because z ∈ CM. Therefore, for every y ∈ Y , M/y z is
regular. So y ∈ RM/z and consequently, Y ⊆ RM/z.
Next, we will prove that either X ⊆ RM/z or Y  = 1 and X −
RM/z ≤ 1. Observe that, for every x ∈ X, sinceM/x is regular,M/x z
is regular. Suppose there exists x ∈ X, such that M/z\x is nonregular.
Then either M/z\x/Yx is nonregular or z is in series with some element
e ∈ EM\x. In the ﬁrst case, M\x/Yx/z = Mx/z is nonregular, a con-
tradiction because z ∈ RMx. In the second case, let z e be contained
in a series class of M\x. Then, since M is binary, z e is a series-class of
M\x and since M is three-connected, z e x is a triad of M . So e ∈ Yx.
Suppose, if possible, there exists y ∈ Y − e. Then z and e are in series in
M\x/y. Therefore, M\x/y z is nonregular and consequently M/y z is
nonregular. We reach a contradiction as in the previous paragraph. Hence
Y  = 1. Suppose, if possible, there exists x′ ∈ X − x. If x′ 	∈ RM/z,
then by a similar argument, z e′ x′ is a triad for some element e′ ∈ Y .
Since Y  = 1, e′ = e. So z e x and z e x′ are triads; a contradic-
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tion since M is three-connected and binary. Therefore, for all x′ ∈ X − x,
x′ ∈ RM/z. So X − RM/z ≤ 1.
Thus, if Y ⊆ RM/z and Y  = 1 and X − RM/z ≤ 1, then since X
and Y are disjoint, X ≤ RM/z ≤ 4. So M has rank 5 and at most 15
elements. Lemma 1 in the Appendix veriﬁes that the result holds.
If Y ⊆ RM/z and X ⊆ RM/z, then since X and Y are disjoint,
X + Y  ≤ RM/z ≤ 4. If RM/z ≤ 2, then M has rank at most 6 and
at most 12 elements, a contradiction. Therefore, suppose RM/z = 4. If
Y  ≤ 1, then rM ≤ 5 and the result holds by Lemma 1. If Y  = 4,
then M∗ has rank 6 and 14 elements. Observe that, M∗\z has rank 6,
13 elements, and 4 regular elements. Lemma 6 in the Appendix shows
that M∗\z ∼= Ms1 s2 s3 6 and veriﬁes that the result holds for single-
element extensions of Ms1 s2 s3 6. If Y  = 3 and X = 0, then M∗
has rank 6 and 13 elements. Observe that, M∗\z has rank 6, 12 elements,
and 4 regular elements and the result holds by Lemma 6. If Y  = 2 and
X = 1, then M has rank 6 and 13 elements. So M/z has rank 5, 12
elements, and 4 regular elements, a contradiction by Lemma 1 since there
is no such matroid.
It remains to show that we obtain a contradiction in the cases where
Y  = 2 and X = 2 and Y  = 3 and X = 1. Observe that every ele-
ment x ∈ X is in parallel with some element x′ in M/Y . So M\X −
x ∪ x′/Y ∼= S10 and this matroid is three-connected with one regular ele-
ment, namely, z. Since Y  	= 1, by repeating the above argument, Y ⊆
RM/z and x′ ∈ RM/z. So Y ∪ X ∪ x′ ⊆ RM/z, a contradiction
since Y ∪X ∪ x′ ≥ 5.
Finally, suppose z ∈ DM. We can prove as before that X ⊆ RM\e
and Y ⊆ RM\e or X = 1 and Y − RM\e ≤ 1. If X ⊆ RM/z and
Y ⊆ RM/z, then we reach a contradiction as in the above paragraph.
Suppose X ⊆ RM/z and X = 1 and Y − RM/z ≤ 1. Let y ∈ Y −
RM/z. Then z e y is a triangle in M , where X = e. So z and e are
in parallel in M/y and consequently in M/Y . Moreover, e is in parallel
with some element e′ in M/Y . So z and e′ are in parallel in M\X/Y , a
contradiction since M\X/Y ∼= S10.
Corollary 8.2. Suppose M is a three-connected binary almost-regular
matroid with no ME5-minor. Then M ∼= X12 or M or M∗ is isomorphic to
a three-connected restriction of S3n+1 for n ≥ 3, 1mn r or 2mn r for
mn r ≥ 1.
Proof. The proof follows directly from Theorems 6.2, 7.4, and 8.1.
Observe that, the binary almost-graphic theorem (Theorem 2.1) follows
directly from Corollaries 8.2 and 1.5 and the facts that ME5 and X12 are
not almost-graphic.
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9. THE NONBINARY ALMOST-GRAPHIC MATROIDS
Theorem 1.1 implies that a three-connected almost-binary matroid M
other than U2n and Un−2n and with rank and corank exceeding 2 can
be obtained from a three-connected binary matroid N by relaxing a cir-
cuit hyperplane. Observe that if M is almost-regular, then N is almost-
regular. Therefore, to determine the nonbinary almost-regular matroids we
must ﬁrst determine the binary almost-regular matroids with circuit hyper-
planes. In [10] Truemper gave an elegant algorithmic characterization for
a subclass of the almost-regular matroids. In particular, Truemper deﬁnes
con elements = e ∈ EM  M/e is regular and del elements = e ∈
EM M\e is regular and requires that the con elements form a cocircuit
cohyperplane and the del elements form a circuit hyperplane. Observe that
del elements ⊆ CM ∪RM and con elements ⊆ DM ∪RM with equal-
ity if and only if RM = 0. Therefore, Truemper’s condition requires the
existence of a circuit hyperplane C such that CM ⊆ C ⊆ CM ∪ RM,
and a cocircuit cohyperplane D such that DM ⊆ D ⊆ DM ∪RM. We
begin this section by determining the almost-regular matroids which satisfy
Truemper’s condition.
Proposition 9.1. The family of matroids 1mn r for mn r ≥ 1 is
the only almost-regular family that does not satisfy Truemper’s condition.
Lemma 9.2. Suppose M is a three-connected binary almost-regular
matroid with an ME5-minor. Then CM is a circuit hyperplane of M .
Proof. We will ﬁrst prove by induction on EM that CM is a cir-
cuit. Lemma 1 in the Appendix shows that the result holds up to 11 ele-
ments. Suppose EM ≥ 12. Since M has an ME5-minor, RM = 0
and EM = CM ∪ DM. Suppose there exists x ∈ DM, such that
M\x has an ME5-minor. Let Mx = M\x/Yx be the series simpliﬁcation
of M\x, where Yx is the set of elements in series with elements in M\x.
Then Mx is three-connected and has an ME5-minor. By the induction
hypothesis, CMx is a circuit in Mx. However, CMx = CM − Yx. So
CM is a circuit in M\x. Since x 	∈ CM, CM is a circuit in M and
we are done. Therefore, assume that for some Y ⊆ CM, M/Y ∼=ME5.
Then for every y ∈ Y , since M/y is three-connected and has an ME5-
minor, by the induction hypothesis, CM/y is a circuit in M/y. However,
CM/y = CM − y. So CM or CM − y is a circuit in M . If CM
is a circuit in M , then we are done. Suppose CM − y is a circuit in M .
Then for every y ∈ Y , CM − y is a circuit in M . Since M has no parallel
elements, it follows that Y  ≤ 1. Therefore, M has at most 11 elements, a
contradiction. It remains to show that CM is a hyperplane. Since ME5
is self-dual, M∗ has an ME5-minor. So CM∗ = DM is a circuit of M∗
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and therefore a cocircuit of M . It follows that CM is a hyperplane since
it is the complement of a cocircuit.
Returning to the proof of Proposition 9.1, we examine the three-
connected binary almost-regular matroids with no ME5-minor. If
RM = 4, then M or M∗ is isomorphic to Msi si+1 si+2 n
for n ≥ 4 or its three-connected single-element deletion. The family
Msi si+1 si+2 n and its three-connected single-element deletion have
two distinct circuit hyperplanes contained in CM ∪ RM, namely, the
rim elements and the rim elements with ri ri+1 replaced by si+1 x. Relaxing
either of these two hyperplanes gives isomorphic matroids. If RM = 2,
then M or M∗ is isomorphic to Msi si+1 sk n for n ≥ 5 or its three-
connected single-element deletions. The family Msi si+1 sk n and its
three-connected single-element deletion have a unique circuit hyperplane
contained in CM ∪RM, namely, the rim elements. If RM = 1, then
M or M∗ is a three-connected restriction of S3n+1. The family S3n+1 and its
three-connected restrictions with exactly one regular element have a unique
circuit hyperplane, namely, CM ∪ RM. The matroid X12 has zero reg-
ular elements and a unique circuit hyperplane, namely, CX12. Lastly, the
family 2mn r and its single-element deletions have a unique circuit
hyperplane, namely, CM. However, the family 1mn r has no circuit
hyperplanes and therefore, it does not satisfy Truemper’s condition. The
result follows from Corollary 8.2 and Lemma 9.2.
Proposition 9.3. Suppose M is a three-connected regular matroid with a
circuit hyperplane. Then M ∼=MWn for n ≥ 3.
Proof. First suppose that M = MG is a three-connected graphic
matroid with n vertices and no isolated vertices and with a circuit-
hyperplane C. Then C is a ﬂat with exactly n − 1 vertices. Suppose the
remaining vertex is v. Then since G is three-connected, each vertex of C
must be connected to v. Therefore G ∼= Wn.
Next, suppose that M is regular. Theorem 1.3 implies that M is graphic
or cographic or has a minor isomorphic to R10 or R12. If M is graphic
or cographic, then M ∼= MWn. Observe that R10 is a splitter for regular
matroids and R10 has no circuit hyperplane. We will show that if M has an
R12-minor, then M has no circuit hyperplane. The proof is by induction on
EM. The result holds for R12, so assume that EM ≥ 13. Suppose, if
possible, M has a circuit hyperplane C. Since M has an R12-minor, M =
M1 ⊕3 M2, where T = EM1 ∩ EM2 is a triangle and M1 and M2 are
regular but not isomorphic to wheels since R12 ∼= M∗K33 ⊕3 MK5\e.
Moreover, C = rM = rM1 + rM2 − 2. Suppose, if possible, C ⊆
EM1. Then C − 1 ≤ rM1 = rM − rM2 + 2 = C − rM2 + 2 and
consequently, rM2 ≤ 3. So M2 ∼=MW3, a contradiction. Therefore, C 	⊆
EM1. Similarly, C 	⊆ EM2.
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By the deﬁnition of the three-sum, C = X1X2, where Xi, for i = 1 2,
is a circuit in Mi and Z = X1 ∩ T = X2 ∩ T 	= φ. So Xi = C ∩ EMi ∪ Z.
Observe that Z 	= 3 because otherwise X1 = X2 = T and C = φ. If
Z = 2 then XiT is a circuit in Mi that meets T in just one element.
If Z = 1, then Xi is a circuit in Mi that meets T in just one element. Let
Ci = C ∩ EMi. Then, in either case, for every i, there exists t ∈ T , such
that Ci ∪ t is a circuit in Mi.
Next, we will prove that for every i, rMi = Ci + 1. Since Ci is inde-
pendent, rMi ≥ Ci. Suppose if possible, rMi ≥ Ci + 1 for both i.
Then
C = C1 + C2 ≤ rM1 − 1+ rM2 − 1
= rM1 + rM2 − 2 = rM = C
So we must have equality throughout and rMi = Ci + 1 for both i.
Therefore, suppose this is not the case, and rMi = Ci for some i. Then
Ci is a basis for Mi and therefore spans Mi. As Ci does not span any
element in EM −C, it follows that EMi = Ci ∪ T . So r∗Mi = T  = 3
and M∗i ∼=MW3, a contradiction. Therefore, for every i, rMi = Ci + 1
and consequently rMi = Ci ∪ t.
Finally, we will prove that for some i, Ci ∪ t is closed. Observe that Ci
does not span elements in EMi − Ci ∪ T . Suppose, if possible, for every
i, Ci ∪ t spans another element s ∈ T − t. Then there is a circuit C ′ such
that s ∈ C ′ ⊆ Ci ∪ t. Taking the symmetric difference of Ci ∪ t, C ′, and
T we see that Ci spans the third element in T . So for every i, Ci spans
T . For t ∈ T , there exists Cit ⊂ Ci such that Cit ∪ t is a circuit of Mi.
Therefore, Cit ∪ tC2t ∪ t = C1t ∪ C2t is a circuit of M contained in C.
So C1t ∪C2t = C and Cit = Ci. When s t ∈ T , then Ci ∪ tCi ∪ s = s t
is a circuit ofM , a contradiction. Thus we have shown that for some i, Ci ∪ t
is a circuit hyperplane in Mi. By the induction hypothesis, Mi ∼= MWn, a
contradiction.
Proof of Theorem 22. Suppose M is a three-connected almost-graphic
matroid. If M is binary then the result follows from Theorem 2.1. If M is
nonbinary, then Theorem 1.1 implies thatM is isomorphic to U2 n or Un−2 n
for some n ≥ 4 orM can be obtained from a three-connected binary almost-
graphic matroid N by relaxing a circuit hyperplane. Propositions 9.1 and
9.3 imply that the binary almost-regular matroids with circuit hyperplanes
are three-connected restrictions of S3n+1, 2mn r, and MWn. Finally,
observe that the whirl W r is obtained from MWr by relaxing a circuit
hyperplane.
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APPENDIX
We now give the detailed computations postponed from the previous
sections. The matroids are binary and we represent them by matrices with
entries over GF2. The extensions computed are three-connected single-
element extensions. If A is an r × n matrix with column labels 1 2     n
and x¯ is a 1× r column vector, then A∪ x¯ will denote the r × n+ 1 matrix
A with the column x¯ afﬁxed at the end. The three-connected single-element
extensions of P9 and P
∗
9 are computed in detail in [3, 5]. The matrices X
and Y representing P9 and P
∗
9 , respectively, are shown below:
X =
1   4 5 6 7 8 9
 I4
0 1 1 1 1
1 0 1 1 1
1 1 0 1 0
1 1 1 1 0

 
Y =
1   5 6 7 8 9

I5
0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 1
1 1 0 0



Suppose that column x¯ = x1 x2 x3 x4T is adjoined to X, the matrix
representing P9. There are seven choices for x¯. The corresponding single-
element extensions are shown in Table II. Observe that S10 is the only
extension of P9 that is almost-graphic.
Suppose that column x¯ = x1 x2 x3 x4 x5T is adjoined to Y ,
the matrix representing P∗9 . There are 22 choices for x¯. Label these
choices as x1 = 11000 x2 = 11111 x3 = 10001 x4 = 01001
x5 = 10110 x6 = 01110 x7 = 10010 x8 = 01010 x9 = 10101
x10 = 01101 x11 = 10100 x12 = 01100 x13 = 10011 x14 = 01011
x15 = 11100 x16 = 11011 x17 = 11101 x18 = 11001, x19 =
00111 x20 = 00110 x21 = 00101, and x22 = 00011. Note that
when computing the extensions of E1, E4, E5, and A11 we need only con-
sider columns among x1    x14 since the rest give matroids that are not
almost-regular. When computing extensions of B5 11 C5 11 F5 11A5 12,
TABLE II
Rank 4 Binary Almost-Regular Matroids
Matrix Extension Columns Name Description
X (P9, ext1) (1110) P9 ext1\8 9 ∼= AG3 2
(P9, ext2) (1010)(0110)(1001)(0101) S10 almost-graphic
(P9, ext3) (0011) P9 ext3\3 ∼= sp-ext of F7
P9 ext3/3 ∼= p-ext of F7
X ∪ 1010 (S10, ext1) (0011)(0101)(0110) S10 ext1\10 ∼= P9 ext3
(S10, ext1) (1110)(1001) S10 ext3\10 ∼= P9 ext1
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and A5 13 we need only consider columns among x1 x2 x5 x7 x9 x13 and
for D5 11, E5 11, B5 12, and C5 12 we need only consider columns among
x1 x2 x5 x9 x13.
Lemma 1. Up to rank 5, the binary three-connected almost-regular
matroids with
(i) RM ≥ 1 are isomorphic to F11 or to restrictions of S13;
(ii) no S10-minor are isomorphic to ME5 or to restrictions of MS n
for n ≤ 5 and S odd (of these, MS n for n ≤ 5 and S odd are minimal
and F7, F
∗
7 , and F11 are irreducible);
(iii) an S10-minor and RM = 0 also have an ME5-minor;
(iv) an ME5-minor have CM as a circuit hyperplane.
Proof. Up to rank 4, Table II shows that the binary three-connected
almost-regular matroids with no S10-minor are F7 ∼=Ms1 s2 s3 3, P9 ∼=
Ms1 s2 s3 4, and their three-connected restrictions. Table III shows
that P∗9 has three almost-regular single-element extensions, E1, E4, and E5.
The matroid E1 has two extensions with no S10-minor, A5 11 and B5 11,
and two extensions with an S10-minor, C5 11 and D5 11. The matroid E4 has
two extensions with no S10-minor, B5 11 and F5 11, and two extensions with
an S10-minor, C5 11 and D5 11. The matroid E5 has two extensions both
of which have an S10-minor, D5 11 and E5 11. Moreover, E5, D5 11, and
E5 11 have zero regular elements. All of the 12- and 13-element matroids
in the table have an S10-minor and the only extensions without zero regular
elements are A5 12 and A5 13. Observe that each of B5 12, C5 12, and B5 13
has an ME5-minor, and
P∗9 ∼= S13\b1 a2 b3 a4
ME1 ∼=Ms1 s2 s3 5\s1 ∼= S13\b1 b3 a4
ME4 ∼=Ms1 s2 s4 5\s4 ∼= S13\a2 b3 a4
MA5 11 ∼=Ms1 s2 s3 5 ∼= S13\b1 a4
MB5 11 ∼=Ms1 s2 s4 5 ∼= S13\b1 b3
MF5 11 ∼=Ms1 s2 s3 s4 s5 5
MC5 11 ∼= S13\b3 a4
MA5 12 ∼= S13\b1
MA5 13 ∼= S13
When matroids A5 11, B5 11, and F5 11 are represented in the formMS 5,
CM is a subset of the rim elements of W5, so they are minimal. Moreover,
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TABLE III
Rank 5 Binary Almost-Regular Matroids
Matrix Extension Columns Name Description
Y P∗9  ext1 x1 x2 E1 almost-wheel
P∗9  ext2 x15 x16 E2 E2/5\9 ∼= AG3 2
P∗9  ext3 x17 x18 E3 E3/5\9 ∼= AG3 2
P∗9  ext4 x3     x10 E4 almost-wheel
P∗9  ext5 x11 x12 x13 x14 E5 almost-regular
P∗9  ext6 x19 E6 E6\3 ∼= s-ext of F7
E6/3 ∼= p-ext of S8
P∗9  ext7 x20 x21 E∗6
P∗9  ext8 x22 E7 E7\3 ∼= P∗9
E7/3 ∼= p-ext of S8
Y ∪ x1 E1 ext1 x2 A5 11 almost-wheel
E1 ext2 x3 x4 x5 x6 B511 almost-wheel
E1 ext3 x7 x8 x9 x10 C5 11 almost-graphic,
C511/5 ∼= S10
E1 ext4 x11 x12 x13 x14 D5 11 almost-regular,
D511/5 ∼= S10
Y ∪ x3 E4 ext1 x1 B5 11
E4 ext2 x2 x9 C5 11
E4 ext3 x5 x13 D5 11
E4 ext4 x7 F5 11 almost-graphic
E4 ext5 x6 x14 G511 G5 11\3 ∼= s-ext of P9
G5 11/3 ∼= p-ext of P9
E4 ext6 x11 E4 ∪ x11\9 ∼= E2
E4 ext7 x12 E4 ∪ x12\6 ∼= E6
E4 ext9 x8 x10 E4 ∪ x8\8 ∼= E6
E4 ext10 x4 E4 ∪ x4\9 ∼= E∗6
Y ∪ x11 E5 ext1 x1 x2 x5 x9 D5 11
E5 ext2 x13 E511 almost-regular,
E5 11/4 ∼= S10
E5 ext3 x6 x8 G5 11
E5 ext4 x12 x14 E5 ∪ x12\9 ∼= E∗6
E5 ext5 x3 x7 E5 ∪ x3\9 ∼= E2
E5 ext6 x4 x10 E5 ∪ x4\7 ∼= E6
Y ∪ x1x2 A511 ext1 x3     x10 A5 12 almost-graphic
A5 11 ext2 x11 x12 x13 x14 B5 12 almost-regular
Y ∪ x3x1 B5 11 ext1 x2 x9 A5 12
B5 11 ext2 x7 B5 12
B5 11 ext3 x5 x13 C5 12 almost-regular
Y ∪ x3x2 C5 11 ext1 x1 x9 A5 12
C5 11 ext2 x7 x13 B5 12
C5 11 ext3 x5 C5 11 ∪ x5\1 9 ∼= E2
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TABLE III—Continued
Matrix Extension Columns Name Description
Y ∪ x11x1 D5 11 ext1 x5 C5 12
D5 11 ext2 x2 x9 B5 12
D5 11 ext3 x13 D5 11 ∪ x13\2 ∼= sp-ext of F7
D5 11 ∪ x13/2 ∼= p-ext of P9
Y ∪ x11x13 E5 11 ext1 x1 x2 x5 x9 E5 11 ∪ x1\7 8 ∼= E2
Y ∪ x3x7 F5 11 ext1 x1 x2 x5 x9 x13 B5 12
Y ∪ x3x1x2 A5 12 ext1 x9 A5 13 almost-graphic
A5 12 ext2 x13 B5 13 almost-regular
A5 12 ext3 x7 A5 11 ∪ x7\1 7 8 ∼= E2
A5 12 ext4 x5 A5 11 ∪ x5\1 7 9 ∼= E3
Y ∪ x11x1x2 B5 12 ext1 x5 x9 B5 13
Y ∪ x11x1x5 C5 12 ext1 x2 x9 B5 13
Y ∪ x3x1x2x9 A5 13 ext1 x13 A5 13 ∪ x13\6 8 11∼= E6-minor
F7 and F
∗
7 are trivially irreducible and F11 is irreducible since it has no
triads. Finally, CM = 2 3 4 5 6 is a circuit hyperplane for matroids
D5 11 and E5 11 when they are represented by matrices Y ∪ x2 x11 and
Y ∪ x11 x13, respectively.
Lemma 2. Suppose M is a three-connected binary almost-regular matroid.
If rM ≥ 5, then CM ≥ 3 and if rM ≥ 6, then CM ≥ 4.
Proof. Since S10 has no almost-regular extensions, M has a minor iso-
morphic to the rank 5 matroids ME1, ME4, or ME5. Since
CE1 = 3, CE4 = 4 and CE5 = 5 it follows that CM ≥ 3.
Next, observe that, if H = M\X/Y is an almost-regular minor of M then
CM ≥ Y  + CH. Therefore, if rM ≥ 6 then Y  ≥ 1 and the result
follows.
Suppose that column x¯ = x1 x2 x3 x4 x5 x6T is adjoined to each of
the matrices A∗5 11, B
∗
5 11, C
∗
5 11, D
∗
5 11, E
∗
5 11, and F
∗
5 11 shown below:
A∗5 11 =
1   6 7 8 9 10 11

I6
0 1 1 1 1
1 0 1 1 1
1 1 0 1 0
1 1 1 1 0
1 1 0 0 0
1 1 1 1 1


B∗5 11 =
1   6 7 8 9 10 11

I6
0 1 1 1 1
1 0 1 1 1
1 1 0 1 0
1 1 1 1 0
1 1 0 0 0
1 0 0 0 1


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C∗5 11 =
1   6 7 8 9 10 11

I6
0 1 1 1 1
1 0 1 1 1
1 1 0 1 0
1 1 1 1 0
1 1 0 0 0
1 0 0 1 0


D∗5 11 =
1   6 7 8 9 10 11

I6
0 1 1 1 1
1 0 1 1 1
1 1 0 1 0
1 1 1 1 0
1 1 0 0 0
1 0 1 0 0


E∗5 11 =
1   6 7 8 9 10 11

I6
0 1 1 1 1
1 0 1 1 1
1 1 0 1 0
1 1 1 1 0
1 0 1 0 0
1 0 0 1 1


F∗5 11 =
1   6 7 8 9 10 11

I6
0 1 1 1 1
1 0 1 1 1
1 1 0 1 0
1 1 1 1 0
1 0 0 0 1
1 0 0 1 0



There are 53 choices for x¯. Observe that A∗5 11/6 ∼= E1. The binary
three-connected almost-regular single-element extensions of E1 are A5 11,
B5 11, C5 11, and D5 11 which are obtained by adding columns x2 · · ·x14.
For each of these columns the sixth element can be a zero or a one.
Therefore, the columns that can be added to A∗5 11 are x2 0 = 111110,
x2 1 = 111111 x3 0 = 100010 x3 1 = 100011 x40 = 010010,
x4 1 = 010011 x5 0 = 101100 x5 1 = 101101 x6 0 = 011100
x6 1 = 011101 x7 0 = 100100 x7 1 = 100101 x8 0 = 010100 x8 1 =
010101 x9 0 = 101010 x9 1 = 101011 x10 0 = 011010 x10 1 =
011011 x11 0 = 101000 x11 1 = 101001 x12 0 = 011000 x12 1 =
011001 x13 0 = 100110 x13 1 = 100111 x14 0 = 010110
x14 1 = 010111 1′ = 100001 2′ = 010001 3′ = 001001 4′ =
000101 5′ = 000011 7′ = 011110 8′ = 101110 9′ = 110100 10′ =
111100, and 11′ = 110000.
Next, observe that D∗5 11/6 ∼= E1. Therefore, the columns that can
be added to D∗5 11 are x2 0    x14 1, 1
′, 2′, 3′, 4′, 5′, as shown above,
as well as 7′ = 011110 8′ = 101111 9′ = 110100 10′ = 111101,
and 11′ = 110001. However, D∗5 11/5 ∼= E5. The columns that can be
added to this version of E5 are x2 = 11111 x11 = 10100 x13 =
10011 x18 = 11001, and x23 = 11010. Therefore, the columns that can
be added toD∗5 11 must be among x2 0 = 111101 x2 1 = 111111 x11 0 =
101000 x11 1 = 101010 x13 0 = 100101 x13 1 = 100111 x18 0 =
110001 x18 1 = 110011 x23 0 = 110100 x23 1 = 110110 1′ =
100010 2′ = 010010 3′ = 001010 4′ = 000110 6′ = 000011 7′ =
011101 8′ = 101100 9′ = 110111 10′ = 111110 and 11′ =
110010. Intersecting the above two sets we see that the only columns we
must consider are x2 0 x2 1 x3 0 x4 0 x5 0 x6 1 x7 1 x9 0 x11 0 x13 1 5′,
9′ 10′, and 11′.
Similarly, observe that C∗5 11/6 ∼= E1. Therefore, the columns that can be
added to C∗5 11 are x2 0    x14 1 1
′ 2′ 3′ 4′ 5′ as well as 7′ = 011110 8′ =
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101111 9′ = 110101 10′ = 111100, and 11′ = 110001. However,
C∗5 11/5 ∼= E4. The columns that can be added to this version of E4 are
x7 = 10010 x11 = 10100 x16 = 11011 x18 = 11001 x24 = 10111,
and x25 = 11110. Therefore, the columns that can be added to C∗511
must be among x7 0 = 100100 x7 1 = 100110 x11 0 = 101000 x11 1 =
101010 x16 0 = 110101 x16 1 = 110111 x18 0 = 110001 x18 1 =
110011 x24 0 = 101101 x24 1 = 101111 x25 0 = 111100 x251 =
111110 1′ = 100010 2′ = 010010 3′ = 001010 4′ = 000110 6′ =
000011 7′ = 011101 8′ = 101100 9′ = 110110 10′ = 111111, and
11′ = 110010. Intersecting the above two sets we see that the only columns
we must consider are x2 0 x2 1 x3 0 x4 0 x5 0 x5 1 x6 1 x7 0 x9 0 x11 0,
x13 0 5′ 8′ 9′ 10′, and 11′.
Next B∗5 11/6 ∼= E1. Therefore, the columns that can be added to B∗5 11
are x2 0    x14 1, 1′, 2′, 3′, 4′, 5′ as well as 7′ = 011110, 8′ = 101111,
9′ = 110101, 10′ = 111101, and 11′ = 110000. However, B∗5 11/5 ∼= E4.
The columns that can be added to this version of E4 are x1 = 11000, x2 =
11111, x3 = 10001, x7 = 10010, x11 = 10100, and x16 = 11011.
Therefore, the columns that can be added to C∗5 11 are x1 0 = 110000,
x1 1 = 110010, x2 0 = 111101, x2 1 = 111111, x3 0 = 100001, x3 1 =
100011, x7 0 = 100100, x7 1 = 100110, x11 0 = 101000, x11 1 =
101010, x16 0 = 110101, x16 1 = 110111, 1′ = 100010, 2′ = 010010,
3′ = 001010, 4′ = 000110, 6′ = 000011, 7′ = 011101, 8′ = 101100,
9′ = 110110, 10′ = 111110, and 11′ = 110011. Intersecting the above
two sets we see that the only columns we must consider are x2 0, x2 1, x3 0,
x3 1, x4 0, x5 0, x6 1, x7 0, x9 0, x11 0, x13 0, 1′, 5′, 9′, 10′, and 11′.
Observe that, F∗5 11/6 = B∗5 11/5 ∼= E4. The columns that can be added
to this version of E4 are the same as in the previous case. So the
columns that can be added to F∗5 11 are x1 0 = 110000, x1 1 = 110001
x2 0 = 111110, x2 1 = 111111, x3 0 = 100010, x3 1 = 100011,
x7 0 = 100100, x7 1 = 100101, x11 0 = 101000, x11 1 = 101001,
x16 0 = 110110, x16 1 = 110111, 1′ = 100001, 2′ = 010001,
3′ = 001001, 4′ = 000101, 5′ = 000011, 7′ = 011110, 8′ = 101101,
9′ = 110101, 10′ = 111100, and 11′ = 110011. However, F∗511/5 =
C∗5 11/5 ∼= E4. So similar to that case, the columns that can be added F∗5 11
are x7 0 = 100100, x7 1 = 100110, x11 0 = 101000, x11 1 = 101010,
x16 0 = 110101, x16 1 = 110111, x18 0 = 110001, x18 1 = 110011,
x24 0 = 101101, x24 1 = 101111, x250 = 111100, x251 = 111110,
1′ = 100010, 2′ = 010010, 3′ = 001010, 4′ = 000110, 6′ = 000011,
7′ = 011101, 8′ = 101110, 9′ = 110110, 10′ = 111111, and
11′ = 110000. Intersecting the above two sets we see that the only
columns we must consider are x1 0, x1 1, x2 0, x2 1, x3 0, x7 0, x11 0, x16 0,
x16 1, 5′, 8′, 9′, 10′, and 11′.
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Lastly, E∗5 11/6 = D∗5 11/5 ∼= E5. So similar to that case, the columns that
can be added E∗5 11 are x2 0 = 111110, x2 1 = 111111, x11 0 = 101000,
x11 1 = 101001, x13 0 = 100110, x13 1 = 100111, x18 0 = 110010,
x18 1 = 110011, x23 0 = 110100, x23 1 = 110101,
1′ = 100001, 2′ = 010001, 3′ = 001001, 4′ = 000101, 5′ = 000011,
7′ = 011110, 8′ = 101101, 9′ = 110111, 10′ = 111100, and
11′ = 110000. However, E∗5 11/5 ∼= E5 and the columns that can
be added to this version of E5 are x1 = 11000, x7 = 10010,
x9 = 10101, x16 = 11011, and x25 = 11110. So the columns that can
be added to E∗5 11 are x1 0 = 110000, x1 1 = 110010, x7 0 = 100100,
x7 1 = 100110, x9 0 = 101001, x9 1 = 101011, x16 0 = 110101,
x16 1 = 110111 x25 0 = 111100, x25 1 = 111110, 1′ = 100010
2′ = 010010 3′ = 001010 4′ = 000110 6′ = 000011, 7′ = 011101,
8′ = 101110, 9′ = 110100, 10′ = 111111, and 11′ = 110011. Inter-
secting the above two sets we see that the only columns we must consider
are x2 0, x2 1, x11 1, x13 0, x18 0, x18 1, x23 0, x23 1, 5′, 9′, and 10′.
TABLE IV
Rank 6, 12-Element Binary Almost-Regular Matroids
Matrix Extension Columns Name Description
A∗5 11 A∗5 11 ext1 11′ x2 1 A6 12 almost-wheel
A∗5 11 ext2 x3 0 x4 0 x5 1 x6 1 1′ 2′ 7′ 8′ B6 12 almost-wheel
A∗5 11 ext3 x7 1 x8 1 x9 0 x10 0 C6 12 almost-graphic
A∗5 11 ext4 x11 1 x12 1 x13 0 x14 0 D6 12 almost-regular
A∗5 11 ext5 x3 1 x4 1 x5 0 x6 0 E6 12 almost-regular
A∗5 11 ext6 x7 0 x8 0 x9 1 x10 1 F6 12 almost-regular
x11 0 x12 0 x13 1 x14 1
A∗5 11 ext7 x2 0 A∗5 11 ∪ x20/3\10 ∼= E3
A∗5 11 ext8 3′ A∗5 11 ∪ 3′/4\11 ∼= E∗6
A∗5 11 ext9 4′ A∗5 11 ∪ 4′/3\10 ∼= E∗6
A∗5 11 ext10 5′ A∗5 11 ∪ 5′/3\10 ∼= E7
A∗5 11 ext11 9′ A∗5 11 ∪ 9′/3\10 ∼= E2
A∗5 11 ext12 10′ A∗5 11 ∪ 10′/3\10 ∼= E2
D∗5 11 D∗5 11 ext1 9′ 11′ G6 12 almost-regular
D∗5 11 ext2 x9 0 10′ H6 12 almost-regular
D∗5 11 ext3 x13 1 I6 12 almost-regular
D∗5 11 ext4 x2 1 x11 0 D6 12
D∗5 11 ext5 x3 0 E6 12
D∗5 11 ext6 x2 0 x5 0 F6 12
D∗5 11 ext7 x4 0 D∗5 11 ∪ x4 0/3\10 ∼= E∗6
D∗5 11 ext8 x6 1 D∗5 11 ∪ x6 1/3\9 ∼= E6
D∗5 11 ext9 5′ D∗5 11 ∪ 5′/3\9 ∼= E6
D∗5 11 ext10 x7 1 D∗5 11 ∪ x71/3\9 ∼= E2
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TABLE IV—Continued
Matrix Extension Columns Name Description
C∗5 11 C∗5 11 ext5 x3 0 10′ J6 12 almost-graphic
C∗5 11 ext6 x7 0 X12 almost-regular
C∗5 11 ext1 x2 1 9′ C∗6 12
C∗5 11 ext2 x2 0 x9 0 F6 12
C∗5 11 ext3 8′ 11′ G6 12
C∗5 11 ext4 x5 0 x13 0 H6 12
C∗5 11 ext7 x11 0 C∗5 11 ∪ x110/2\11 ∼= E2
C∗5 11 ext8 x4 0 C∗5 11 ∪ x4 0/4\9 ∼= E∗6
C∗5 11 ext9 x6 1 C∗5 11 ∪ x6 1/3\10 ∼= E6
C∗5 11 ext10 x5 1 C∗5 11 ∪ x51/3\10 ∼= E2
C∗5 11 ext11 5′ C∗5 11 ∪ 5′/1\11 ∼= E6
B∗5 11 B∗5 11 ext1 11′ K6 12 almost-wheel
B∗5 11 ext2 x4 0 L6 12 almost-wheel
B∗5 11 ext3 x3 0 M6 12 almost-graphic
B∗5 11 ext4 x5 0 x2 0 B6 12
B∗5 11 ext5 9′ C∗6 12
B∗5 11 ext6 x2 1 x11 0 E∗6 12
B∗5 11 ext7 x3 1 x13 0 F6 12
B∗5 11 ext8 x7 0 1′ J∗6 12
B∗5 11 ext9 x9 0 10′ H6 12
B∗5 11 ext10 x6 1 B∗5 11 ∪ x6 1/3\9 ∼= E∗6
B∗5 11 ext11 5′ B∗5 11 ∪ 5′/3\9 ∼= E7
F∗5 11 F∗5 11 ext1 x1 0 x3 0 x7 0 8′ 10′ C6 12
F∗5 11 ext2 x2 1 x11 0 x16 0 9′ 11′ D6 12
F∗5 11 ext3 x16 1 T12 for all x, T12/x ∼= F5 11
T12\x ∼= F∗5 11
F∗5 11 ext4 x1 1 x2 0 F∗5 11 ∪ x11/3\10 ∼= E2
F∗5 11 ext5 5′ F∗5 11 ∪ 5′/3\9 ∼= E7
E∗5 11 E∗5 11 ext1 x2 0 x11 1 x13 0 x18 0 x23 0 9′ I6 12
E∗5 11 ext2 x2 1 x18 1 x23 1 10′ E∗5 11 ∪ x2 1/4\10 ∼= E2
E∗5 11 ext3 5′ E∗5 11 ∪ 5′/3\9 ∼= E7
Lemma 3. The matroids ME5 and F11 are splitters for the class of
matroids with no S10 or S
∗
10-minor.
Proof. Table III shows that E5 has two binary almost-regular single-
element extensions, D5 11 and E5 11, each of which has an S10-minor. Since
E5 is self-dual, its coextensions will have an S
∗
10-minor. The matroid F11
has one binary almost-regular single-element extension, which is also an
extension of C5 11 and therefore has an S10-minor. Table IV shows that F
∗
11
has two binary almost-regular single-element extensions, C6 12 and D6 12.
Observe that C∗6 12 is an extension of C
∗
5 11 and D6 12 is an extension of
D∗5 11. So C6 12 has an S10-minor and D6 12 has an S
∗
10-minor.
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Lemma 4. The 12-element rank-6 binary three-connected almost-regular
matroids with
(i) no S∗10-minor and RM ≥ 1 are restrictions of S16;
(ii) neither S10- nor S
∗
10-minor are restrictions of Ms1 s2 s3 6,
Ms1 s2 s4 6, 11 1 1, and 21 1 1;
(iii) either S10- or S
∗
10-minor are isomorphic to X12 or have an ME5-
minor.
Proof. Table IV shows that A∗5 11 has three almost-regular single-
element extensions with no S∗10-minor, A6 12, B6 12, C6 12 and three
extensions with an S∗10-minor, D6 12, E6 12, F6 12. The matroid B
∗
5 11 has six
extensions with no S∗10-minor, B6 12, J
∗
6 12, K6 12, L6 12, M6 12, and E
∗
6 12
and three extensions with an S∗10-minor, C
∗
6 12, F6 12, H6 12. The matroid
F∗5 11 has one extension with no S
∗
10-minor, C6 12, and one extension with
an S∗10-minor, D6 12. All of the extensions of C
∗
5 11, D
∗
5 11, and E
∗
5 11 have
an S∗10-minor. So the 12-element rank-6, binary three-connected almost-
regular matroids with no S∗10-minor are A6 12, B6 12, C6 12, J
∗
5 12, K6 12,
L6 12, M6 12, and E
∗
6 12. Of these, L6 12, M6 12, and E
∗
6 12 have zero regu-
lar elements and C6 12, J
∗
6 12, and E
∗
6 12 also have an S10-minor. Observe
that,
A∗511 ∼= S16\b1 a2 b3 a4 a5
B∗511 ∼= S16\b1 a2 b3 b4 a5
F∗511 ∼= S16\b1 a2 b3 a4 b5
A612 ∼=Ms1 s2 s3 6\s1 ∼=Ms1 s2 s4 6\s2 ∼= S16\b1 b3 a4 a5
B612 ∼=Ms1 s2 s4 6\s4 ∼= S16\a2 b3 a4 a5
K612 ∼=Ms1 s2 s4 6\s1 ∼= S16\b1 b3 b4 a5
C612 ∼= S16\b1 a2 b3 a4
J∗612 ∼= S16\a2 b3 b4 a5
L612 ∼= 11 1 1\x
M612 ∼= 21 1 1\x
Next, observe that D∗5 11 has an ME5-minor so all of its extensions have
an ME5-minor. In particular, D6 12, E6 12, E∗6 12, F6 12, and H6 12, have
an ME5-minor. Finally, C∗5 11 has six single-element extensions of which
F6 12, G6 12 and H6 12 have an ME5-minor, J6 12 and C∗6 12 are duals
of restrictions of S16, and X12 has both an S10 and an S
∗
10-minor but no
ME5-minor.
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Lemma 5. The matroid X12 is a splitter for the class of matroids with no
ME5-minor.
Proof. It follows from Table IV that the only columns that can be
adjoined to the matrix C∗5 11 ∪ x7 0 which represents X12 are x3 0, 10′, x2 1,
9′, 8′, 11′, x5 0, x13 0, x2 0, x9 0. Adjoining any one of the ﬁrst eight columns
gives an almost-regular matroid with an ME5-minor (X12 ∪ x2 1/3\1 9 ∼=
E5). Adjoining either of the last two columns gives a matroid which is not
almost-regular (X12 ∪ x2 0/3\8 9 ∼= E2).
Lemma 6. The 14-element rank-6 almost-regular extensions of Ms1 s2,
s3 6 with zero regular elements have an ME5-minor.
Proof. The matrix A∗5 11 ∪ x2 1 11′ represents Ms1 s2 s3 6. The
almost-regular single-element extensions of A∗5 11 ∪ x2 1 11′ are A6 14
obtained by adjoining columns x3 0, x4 0, x5 1, x6 1, 1′, 2′, 7′, and 8′; B6 14
obtained by adjoining columns x7 1, x8 1, x9 0, x10 0; C6 14 obtained by
adjoining columns x11 1, x12 1, x13 0, x14 0; D6 14 obtained by adjoining
columns x3 1, x4 1, x5 0, x6 0; and E6 14 obtained by adjoining columns x7 0,
x8 0, x9 1, x10 1, x11 0, x12 0, x13 1, and x14 1. Observe from Table IV that
each of C6 14, D6 14, and E6 14 has a D
∗
5 11-minor and therefore has an
E5-minor. Finally, A6 14 ∼= S16\a4 a5 and B6 12 ∼= S16\b1 a4.
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